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Iluvw yhuvlrq= Mxqh 4<<:
Wklv yhuvlrq= Iheuxdu| 5333
Devwudfw
Zh irupxodwh dq hyroxwlrqdu| ohduqlqj surfhvv lq wkh vslulw ri \rxqj
+4<<6d, iru jdphv ri lqfrpsohwh lqirupdwlrq1 Wkh surfhvv lqyroyhv wuhp0
eohv1 Iru pdq| jdphv/ li wkh dprxqw ri wuhpeolqj lv vpdoo/ sod| zloo eh lq
dffrugdqfh zlwk wkh jdphv* +vhpl0vwulfw, Ed|hvldq htxloleuld prvw ri wkh wlph1
Wklv vxssruwv wkh qrwlrq ri Ed|hvldq htxloleulxp1 Ixuwkhu/ riwhq sod| zloo
prvw ri wkh wlph eh lq dffrugdqfh zlwk h{dfwo| rqh Ed|hvldq htxloleulxp1
Wklv jlyhv d vhohfwlrq dprqj wkh Ed|hvldq htxloleuld1 Iru wzr vshfl￿f jdphv
ri hfrqrplf lqwhuhvw zh fkdudfwhul}h wklv vhohfwlrq1 Wkh ￿uvw lv dq h{whqvlrq wr
lqfrpsohwh lqirupdwlrq ri wkh surwrw|sh vwudwhjlf frq lfw nqrzq dv Fklfnhq1
Wkh vhfrqg lv dq lqfrpsohwh lqirupdwlrq elodwhudo prqrsro|/ zklfk lv dovr
dq h{whqvlrq wr lqfrpsohwh lqirupdwlrq ri Qdvk*v ghpdqg jdph/ ru d vlpsoh
yhuvlrq ri wkh vr0fdoohg vhdohg elg grxeoh dxfwlrq1 Iru erwk jdphv vhohfwlrq
e| hyroxwlrqdu| ohduqlqj lv lq idyru ri Ed|hvldq htxloleuld zkhuh vrph w|shv
ri sod|huv idlo wr frruglqdwh/ vxfk wkdw wkh rxwfrph lv lqh!flhqw1
MHO Fodvvlfdwlrq= F:5
Nh|zrugv= Jdphv ri lqfrpsohwh lqirupdwlrq/ Ed|hvldq htxloleulxp/ hyroxwlrq/ ohduq0
lqj/ frqyhqwlrqv14L q w u r g x f w l r q
Wklv sdshu vxjjhvwv dq hyroxwlrqdu| ohduqlqj surfhvv lq wkh vslulw ri \rxqj +4<<6d,
iru vwdwlf jdphv ri lqfrpsohwh lqirupdwlrq dqg ghprqvwudwhv lq jhqhudo krz vxfk d
surfhvv pd| jlyh mxvwlfdwlrq iru wkh qrwlrq ri Ed|hvldq htxloleulxp dqg pd| jlyh
vhohfwlrq dprqj pxowlsoh Ed|hvldq htxloleuld1 Iru wzr vshflf jdphv ri hfrqrplf
lqwhuhvw wkh vhohfwlrq lv fkdudfwhul}hg1 Wkh uvw lv dq h{whqvlrq wr lqfrpsohwh lqiru0
pdwlrq ri wkh surwrw|sh vwudwhjlf frq lfw nqrzq dv wkh Fklfnhq jdph1 Wkh vhfrqg
lv dq lqfrpsohwh lqirupdwlrq elodwhudo prqrsro|> lw fdq eh ylhzhg dv dq h{whqvlrq
wr lqfrpsohwh lqirupdwlrq ri Qdvk*v ghpdqg jdph/ dqg lw lv dovr htxlydohqw wr d
vr0fdoohg +vhdohg elg, grxeoh dxfwlrq1 Iru erwk jdphv vhohfwlrq wxuqv rxw wr eh lq
idyru ri Ed|hvldq htxloleuld h{klelwlqj fhuwdlq lqh!flhqflhv1 Wkhvh fdq eh dwwulexwhg
wr wkh suhvhqfh ri lqfrpsohwh lqirupdwlrq/ vlqfh wkh| duh gxh wr plvfrruglqdwlrq
ehwzhhq vrph w|shv ri sod|huv1
Wkhuh duh pdlqo| wzr prwlydwlrqv iru h{whqglqj wkh prghov ri hyroxwlrqdu| ohduq0
lqj wr lqfrpsohwh lqirupdwlrq1 Iluvw/ wkh irxqgdwlrqv ri Ed|hvldq htxloleulxp duh dw
ohdvw dv vkdn| dv wkrvh ri Qdvk htxloleulxp1 Dq| grxew rqh pd| kdyh frqfhuqlqj wkh
ihdwxuh wkdw sod|huv xvh ehvw uhsolhv djdlqvw hdfk rwkhu/ lv dv uhohydqw iru Ed|hvldq
htxloleulxp lq jdphv ri lqfrpsohwh lqirupdwlrq dv lw lv iru Qdvk htxloleulxp lq
jdphv ri frpsohwh lqirupdwlrq1 Iru Ed|hvldq htxloleulxp rqh pd| ixuwkhu grxew li
wkh lghd wkdw sod|huv sodq iru w|shv wkh| duh dfwxdoo| qrw/ lv dq dghtxdwh irupdol}d0
wlrq ri krz sod|huv frsh zlwk xqfhuwdlqw| lq jdphv1 Lw lv wkhuhiruh ri lqwhuhvw li rqh
fdq jlyh d mxvwlfdwlrq ri Ed|hvldq htxloleulxp iru vrph jdphv ri lqfrpsohwh lqiru0
pdwlrq/ olnh wkdw jlyhq ri Qdvk htxloleulxp iru vrph jdphv ri frpsohwh lqirupdwlrq
e|/ h1j1/ \rxqj +4<<6d,1 Vhfrqg/ jrlqj iurp frpsohwh wr lqfrpsohwh lqirupdwlrq
lq jdphv riwhq dggv d glphqvlrq ri htxloleulxp pxowlsolflw|/ lq sduwlfxodu lw riwhq
lpsolhv wkh h{lvwhqfh ri pdq| lqh!flhqw htxloleuld/ vxfk wkdw htxloleulxp vhohfwlrq
pd| eh hyhq pruh uhohydqw lq jdphv ri lqfrpsohwh lqirupdwlrq1 Vlqfh wkh hyrox0
wlrqdu| prghov zlwk vpdoo wuhpeohv vxjjhvwhg e|/ h1j1/ \rxqj +4<<6d, dqg Ndqgrul/
Pdodlwk/ dqg Ure +4<<6,/ kdyh suryhg wr eh vwurqj ghylfhv iru htxloleulxp vhohfwlrq/
lw lv d qdwxudo lghd wr jhqhudol}h vxfk surfhvvhv wr jdphv ri lqfrpsohwh lqirupdwlrq1
Wr ghqh dq hyroxwlrqdu| ohduqlqj surfhvv frqqhfwhg wr d jdph ri lqfrpsohwh
lqirupdwlrq/ rqh kdv wr jlyh d sk|vlfdo phdqlqj wr wkh w|shv dqg sulruv wkdw duh
4sduw ri wkh irupxodwlrq ri wkh jdph1 Zh dvvxph wkdw wkhuh duh wzr odujh srrov ri
sod|huv frqwdlqlqj sod|huv wr wdnh wkh urz dqg wkh froxpq srvlwlrq lq wkh jdph
u h v s h f w l y h o | /d q gw k d wh d f ks r r ol vv x e g l y l g h gl qw | s h v 1W k hh { l v w l q jw | s h vd u hd v
lq wkh xqghuo|lqj jdph> li d sod|hu ri d vshflf w|sh iurp rqh srro sod|v djdlqvw
d sod|hu ri d vshflf w|sh iurp wkh rwkhu/ wkh wzr zloo uhfhlyh sd|rv ghshqglqj
rq wkhlu w|shv dqg dfwlrqv h{dfwo| dv lq wkh xqghuo|lqj jdph1 Sod| jrhv rq lq
vxevhtxhqw urxqgv1 Lq hdfk urxqg/ rqh sod|hu lv slfnhg dw udqgrp iurp hdfk srro
dqg wkhvh wzr sod| wkh jdph rqfh1 Zh dvvxph +4, wkdw doo sod|huv nqrz wkh wuxh
suredelolw| glvwulexwlrq e| zklfk rssrqhqwv duh slfnhg/ dqg +5, wkdw diwhu hdfk
urxqg ri sod| wkh fkrvhq dfwlrqv dv zhoo dv wkh wuxh w|shv ri wkh sod|huv zkr wrrn
wkhp/ duh shuihfwo| revhuyhg e| hyhu|erg|1
Iru hdfk w|sh ri hdfk sod|hu wkhuh lv d uhfrug ri wkh dfwlrqv d sod|hu ri wkdw w|sh
wrrn lq d fhuwdlq qxpehu ri hduolhu urxqgv zkhuh wklv w|sh zdv slfnhg iru sod|1 Diwhu
d urxqg ri sod| wkh uhfrugv rq wkh wzr w|shv zkr sod|hg duh xsgdwhg> wkh roghvw
revhuydwlrq lv ghohwhg dqg wkh qhz rqh lv lqvhuwhg1 Wkh uhfrugv rq rwkhu w|shv duh
xqfkdqjhg1 Zkhq d sod|hu lv derxw wr sod|/ kh lqwhqgv wr sod| d ehvw uhso| wr wkh
h{shfwdwlrq rq wkh rssrqhqw fuhdwhg iurp vdpsohv iurp wkh fxuuhqw uhfrugv rq wkh
rssrqhqw1 Wklv ghqhv wkh edvlf ohduqlqj surfhvv1 Wkh shuwxuehg ohduqlqj surfhvv
lv ghqhg iurp wkh edvlf rqh e| dgglqj d wuhpeoh= zlwk d vpdoo suredelolw| 0 d
slfnhg sod|hu grhv qrw +qhfhvvdulo|, sod| d ehvw uhvsrqvh/ exw wdnhv dq duelwudu|
dfwlrq1 Wkh lqwhuhvw lv lq wkh shuwxuehg surfhvv iru 0 vpdoo1
Wkh frqvlghuhg jdph dqg wkh surfhvv pd| zhoo eh vxfk wkdw zkhq wkh suredelolw|
ri wuhpeolqj lv vpdoo sod| zloo eh lq dffrugdqfh zlwk wkh jdphv*v vhpl0vwulfw Ed|hvldq
htxloleuld prvw ri wkh wlph1 Iru vxfk jdphv rqh kdv wkhq rewdlqhg wkh nlqg ri
vxssruw iru wkh qrwlrq ri Ed|hvldq htxloleulxp orrnhg iru1 Ixuwkhu/ dovr zkhq d
jdph kdv vhyhudo Ed|hvldq htxloleuld/ lw pd| zhoo eh wkdw sod| zloo eh lq dffrugdqfh
zlwk d vshflf rqh prvw ri wkh wlph1 Wklv zloo wkhq |lhog d vhohfwlrq dprqj wkh
Ed|hvldq htxloleuld1 Zh krsh e| rxu dqdo|vhv ri wkh Fklfnhq dqg elodwhudo prqrsro|
jdphv wr ghprqvwudwh wkh hfrqrplf xvhixoqhvv ri wklv vhohfwlrq lq vlwxdwlrqv zlwk
lqfrpsohwh lqirupdwlrq1
Erwk jdphv duh h{whqvlrqv wr lqfrpsohwh lqirupdwlrq ri wkh nlqg ri frruglqd0
wlrq jdphv w|slfdoo| vwxglhg lq wkh hduolhu frqwulexwlrqv rq hyroxwlrqdu| ohduqlqj lq
jdphv/ dqg erwk duh looxvwudwlrqv ri krz lqfrpsohwh lqirupdwlrq pd| dgg dq hfr0
5qrplfdoo| lpsruwdqw glphqvlrq ri htxloleulxp pxowlsolflw|1 Hdfk jdph kdv xqghu
frpsohwh lqirupdwlrq vhyhudo vwulfw Qdvk htxloleuld/ exw wkhvh kdyh vlplodu h!flhqf|
surshuwlhv1 Lq Fklfnhq erwk sxuh Qdvk htxloleuld lqyroyh rqh sod|hu wdnlqj wkh wrxjk
dfwlrq dqg wkh rwkhu wdnlqj wkh fdxwlrxv rqh> htxloleulxp vhohfwlrq lv rqo| d pdwwhu
ri zkr wdnhv zklfk dfwlrq/ l1h1/ zkr jhwv wkh +pdlq sduw ri wkh, vxusoxv1 Lq Qdvk*v
ghpdqg jdph wkhuh lv d vwulfw Qdvk htxloleulxp iru hdfk srvvleoh vwulfw glylvlrq/
exw doo htxloleuld duh h!flhqw vlqfh doo vxusoxv lv h{sorlwhg> htxloleulxp vhohfwlrq lv
rqo| d pdwwhu ri krz odujh d vkduh hdfk sod|hu jhwv1 Xqghu lqfrpsohwh lqirupdwlrq
wkh jdphv pd| zhoo kdyh htxloleuld zlwk txdolwdwlyho| glhuhqw h!flhqf| surshuwlhv1
Lq Fklfnhq wkhuh duh vwloo wkh wzr htxloleuld zkhuh +lqghshqghqwo| ri w|shv,/ rqh
vlgh wdnhv wkh wrxjk/ dqg wkh rwkhu vlgh wdnhv wkh fdxwlrxv/ dfwlrq/ exw lq dgglwlrq
wkhuh fdq eh dq htxloleulxp zkhuh vrphwlphv +iru vrph w|shv,/ erwk sod|huv wdnh
wkh wrxjk dfwlrq/ dqg d zdlvw rffxuv1 Rxu h{whqvlrq ri Qdvk*v ghpdqg jdph wr lq0
frpsohwh lqirupdwlrq lv rqh zkhuh wkh jdph lv lqwhusuhwhg dv d elodwhudo prqrsro|
dqg wkh ex|hu dqg wkh vhoohu duh xqfhuwdlq derxw hdfk rwkhuv* uhvhuydwlrq sulfhv1
Vxfk d jdph pd| zhoo kdyh erwk vwulfw htxloleuld/ zkhuh wkh elgv ri wkh glhuhqw
w | s h vd u hv s u h d gr x wl qdz d |w k d wh q v x u h vw k d wd q |w z rw | s h vz k rf d qw u d g hw r
pxwxdo ehqhw gr vr/ dqg vwulfw htxloleuld zkhuh wkh elgv duh foxvwhuhg lq d zd| vr
wkdw wkhuh duh frxsohv ri w|shv zkr frxog wudgh wr pxwxdo ehqhw/ exw gr qrw gr
vr> wkh srwhqwldo jdlqv iurp wudgh duh qrw h{kdxvwhg1 Wkh uvw w|sh ri htxloleulxp
lv h!flhqw/ wkh odwwhu lv lqh!flhqw1 Iru erwk jdphv wkh w|sh ri lqh!flhqf| srvvleoh
lq htxloleulxp lv gxh wr lqfrpsohwh lqirupdwlrq1
D wkhru| ri htxloleulxp vhohfwlrq lq wkh frpsohwh lqirupdwlrq jdphv/ iru lq0
vwdqfh e| hyroxwlrqdu| ohduqlqj/ fdq jlyh lqvljkw lqwr krz vxusoxv lv vkduhg1 Wklv
lv ri hfrqrplf lqwhuhvw1 Wkh lvvxh li rqh vkrxog h{shfw wr revhuyh htxloleuld zlwk
r q hr uw k hr w k h uw | s hr ih ! f l h q f |s u r s h u w l h vl qw k hl q f r p s o h w hl q i r u p d w l r qj d p h v
lv dovr ri hfrqrplf lqwhuhvw> lw pd|/ iru lqvwdqfh/ eh lpsruwdqw iru wkh uhfrpphq0
gdwlrq ri wkh grxeoh dxfwlrq dv d wudgh phfkdqlvp1 Zh dgguhvv wkh vhfrqg lvvxh
e| vwxg|lqj htxloleulxp vhohfwlrq e| phdqv ri hyroxwlrqdu| ohduqlqj lq dq lqfrp0
sohwh lqirupdwlrq yhuvlrq ri hdfk jdph1 Lq erwk d xqltxh Ed|hvldq htxloleulxp lv
vhohfwhg1 Iru wkh Fklfnhq jdph zlwk lqfrpsohwh lqirupdwlrq wklv zloo/ li wkhuh lv
frqvlghudeoh xqfhuwdlqw| derxw sd|rv/ eh ri wkh w|sh zkhuh vrphwlphv wrxjk lv
sod|hg djdlqvw wrxjk1 Iru wkh elodwhudo prqrsro| wkh vhohfwhg htxloleulxp lv rqh
6zlwk foxvwhuhg elgv zkhuh wkh srwhqwldo jdlqv iurp wudgh duh srruo| h{sorlwhg1 Lq
erwk fdvhv vhohfwlrq lv lq idyru ri dq htxloleulxp h{klelwlqj d fhuwdlq nlqg ri lq0
h!flhqf| wkdw fdq eh dwwulexwhg wr lqfrpsohwh lqirupdwlrq1 Htxloleulxp vhohfwlrq
e| hyroxwlrqdu| ohduqlqj lq lqfrpsohwh lqirupdwlrq jdphv pd| zhoo eh lq idyru ri
htxloleuld wkdw kdyh txdolwdwlyho| glhuhqw +h!flhqf|, surshuwlhv wkdq wkh htxloleuld
wkdw dovr rffxu xqghu frpsohwh lqirupdwlrq1
Wkh suhvhqw sdshu lv forvho| uhodwhg wr frqwulexwlrqv vxfk dv \rxqj +4<<6d,/ Fdq0
qlqj +4<<5d,/ dqg Ndqgrul/ Pdodlwk/ dqg Ure +4<<6,/ wkdw lqwurgxfhg wkh dssurdfk
ri hyroxwlrq ru hyroxwlrqdu| ohduqlqj zlwk wuhpeohv iru vwdwlf jdphv ri frpsohwh lq0
irupdwlrq1 Vrph sdshuv kdyh vwxglhg htxloleulxp vhohfwlrq e| hyroxwlrqdu| prghov
iru g|qdplf jdphv zlwk erwk lqfrpsohwh lqirupdwlrq dqg vhtxhqwldo pryhv/ prvw
qrwdeo| iru vljqdoolqj jdphv/ Fdqqlqj +4<<5e,/ Qùoghnh dqg Vdpxhovrq +4<<:,/ Md0
frevhq/ Mhqvhq/ dqg Vorwk +4<<<,1 Wkh suhvhqw sdshu lv +dv idu dv zh nqrz, wkh uvw
wr vwxg| dq hyroxwlrqdu| surfhvv lq wkh vdph vslulw iru vwdwlf jdphv ri lqfrpsohwh
lqirupdwlrq1
Lq Vhfwlrq 5 zh jlyh wkh ghqlwlrqv ri jdphv ri lqfrpsohwh lqirupdwlrq dqg
Ed|hvldq htxloleulxp1 Vhfwlrq 6 ghqhv wkh hyroxwlrqdu| ohduqlqj surfhvv lq wzr
vwhsv/ wkh edvlf dqg wkh shuwxuehg surfhvv uhvshfwlyho|1 Ixuwkhu zh vwdwh vrph jhq0
hudo uhvxowv derxw frqyhujhqfh dqg vwrfkdvwlfdoo| vwdeoh vwdwhv1 Lq Vhfwlrqv 7 dqg
8 zh dqdo|}h wkh lqfrpsohwh lqirupdwlrq yhuvlrqv ri wkh Fklfnhq dqg wkh elodwhudo
prqrsro| jdph uhvshfwlyho|/ dqg fkdudfwhul}h wkh orqj uxq ehkdylruv vxssruwhg e|
hyroxwlrqdu| ohduqlqj1 Vhfwlrq 9 frqfoxghv1 Surriv duh jlyhq lq Dsshqgl{1 Krz0
hyhu/ vrph ri wkh surriv duh yhu| orqj lq wkhlu frpsohwh yhuvlrqv dqg iru wkhvh wkh
Dsshqgl{ vnhwfkhv wkh pdlq vwhsv rqo|/ zkloh wkh frpsohwh surriv duh dydlodeoh iurp
wkh dxwkruv xsrq uhtxhvw1
5 Jdphv ri Lqfrpsohwh Lqirupdwlrq dqg
Ed|hvldq Htxloleulxp
Zh ghvfuleh d qlwh vwdwlf wzr sod|hu jdph ri lqfrpsohwh lqirupdwlrq dv iroorzv1
Wkh Urz sod|hu/ Sod|hu 4/ kdv qlwh dfwlrq vhw -/ dqg wkh Froxpq sod|hu/ Sod|hu
5/ kdv qlwh dfwlrq vhw 1 Sod|hu 4 lv ri rqh w|sh k rxw ri wkh qlwho| pdq| lq
7/ zkloh Sod|hu 5 lv ri rqh w|sh q r x wr iw k h q l w h o |p d q |l q 1 4 Hdfk sod|hu
nqrzv klv rzq w|sh/ exw qrw wkh rssrqhqw*v1 Sod|hu 4*v eholhi frqfhuqlqj Sod|hu
5*v w|sh lv jlyhq e| d suredelolw| phdvxuh K ryhu 1 Olnhzlvh/ Sod|hu 5*v eholhi
frqfhuqlqj Sod|hu 4*v w|sh lv jlyhq e| d suredelolw| phdvxuh @ ryhu 1L is o d | h u v4
dqg 5 ri w|shv k dqg q fkrrvh dfwlrqv o 5 - dqg S 5  uhvshfwlyho|/ wkh| rewdlq
yrq Qhxpdqq0Prujhqvwhuq sd|rv Eoc Sckc q dqg Eoc Sc kc q1
D suredelolvwlf h{shfwdwlrq/ ru frqmhfwxuh/ ri Sod|hu 4/ frqfhuqlqj Sod|hu 5*v
fkrlfh/ lv d froohfwlrq ^ 'E ^ q ri suredelolw| phdvxuhv ryhu /r q hi r uh d f kr i
Sod|hu 5*v srvvleoh w|shv1 Olnhzlvh/ dq h{shfwdwlrq ri sod|hu 5 lv R 'E R k  /z k h u h
hdfk Rk lv d suredelolw| phdvxuh ryhu -1 Wkh h{shfwhg sd|r ri d Sod|hu 4 ri w|sh
k/ zkr krogv d frqmhfwxuh ^/ iurp fkrrvlqj wkh vshflf dfwlrq o/l v /
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dqg o lv d ehvw uhso| li lw pd{lpl}hv LkEo￿c^ryhu o￿ 5 -1 Ohw wkh vhw ri sxuh ehvw
uhsolhv eh -kE^/d q go h wL-kE^ eh wkh vxevhw ri xqgrplqdwhg ehvw uhsolhv/ wkdw
lv/ o lv lq L-kE^/l iolv lq -kE^ dqg wkhuh lv qr rwkhu dfwlrq wkdw +zhdno|,
grplqdwhv o1 Ghqh wkh h{shfwhg sd|r ri Sod|hu 5/ TqEScR/ vlploduo| dqg ohw
wkh vhwv ri ehvw uhsolhv dqg ehvw xqgrplqdwhg uhsolhv iru d Sod|hu 5 ri w|sh q
kroglqj d frqmhfwxuh R eh -qER dqg L-qER uhvshfwlyho|1 Wkh vhwv L-kE^
dqg L-qER duh qrq0hpsw|1
D Ed|hvldq htxloleulxp +lq sxuh dfwlrqv, lv d sdlu oEcSE/z k h u ho E k 5-iru
doo k 5 /d q gS E q 5iru doo q 5 / vxfk wkdw li rqh iru hdfk k ghqhv wkh
suredelolw| phdvxuh Rk e| RkEoEk ' /d q gi r uh d f kqghqhv ^q e| ^qESEq ' /
wkhq oEk 5 -kE^ iru doo k 5 /d q gS E q 5-qER iru doo q 5 1DE d | h v l d q
htxloleulxp lv vhpl0vwulfw li iru doo wkh k*v dqg q*v/ L-kE^ rqo| frqwdlqv oEk/d q g
L-qER rqo| frqwdlqv SEq1 Zh rqo| frqvlghu jdphv zlwk dw ohdvw rqh vhpl0vwulfw
Ed|hvldq htxloleulxp1
4Iru hyhu|wklqj ehorz zh frxog/ pruh jhqhudoo|/ kdyh fkrvhq d irupxodwlrq zkhuh wkh vhw ri
dydlodeoh vwudwhjlhv srvvleo| ghshqgv rq w|sh/ U+￿, dqg F+￿, hwf1 Wklv frxog eh ri vrph uhohydqfh
lq wkh frqwh{w ri hyroxwlrqdu| ohduqlqj zlwk wuhpeohv/ vhh Vhfwlrq 6 ehorz/ exw zrxog lpso| d
khdylhu qrwdwlrq1
86 Hyroxwlrqdu| Ohduqlqj lq Jdphv ri Lqfrpsohwh
Lqirupdwlrq
D Ed|hvldq htxloleulxp lv d Qdvk htxloleulxp ri wkh h{whqghg jdph zkhuh wkh
sod|huv* sxuh vwudwhjlhv duh pdsslqjv o G  $ -/d q gSG$  /d q gs d | r  v
dvvrfldwhg wr vxfk vwudwhjlhv duh wkh h{shfwhg ydoxhv ri sd|rv iurp wkh ruljlqdo
lqfrpsohwh lqirupdwlrq jdph/ zkhuh h{shfwdwlrqv duh wdnhq zlwk uhvshfw wr w|shv1
Krzhyhu/ wkh hyroxwlrqdu| ohduqlqj surfhvv zh ghqh lq wklv vhfwlrq lv qrw mxvw
dq dssolfdwlrq ri wkh surfhvv ri \rxqj +4<<6d, wr wklv h{whqghg jdph Dsso|lqj
\rxqj*v surfhvv gluhfwo| wr wkh h{whqghg jdph zrxog lpso| dq dvvxpswlrq wkdw
lq hdfk urxqg wkh ixoo vwudwhj| ri wkh rssrqhqw/ dqg qrw mxvw wkh dfwlrq wdnhq e|
wkh uhohydqw w|sh ri rssrqhqw/ lv revhuyhg/ dqg wklv lv qrw phdqlqjixo1 Khqfh/ wkh
surfhvv zh ghqh lv qrw d vshfldo fdvh ri \rxqj*v1 Rq wkh rwkhu kdqg/ \rxqj*v
surfhvv lv +doprvw, wkh vshfldo fdvh ri wkh surfhvv ghqhg khuh zkhuh wkh jdph
xqghu frqvlghudwlrq kdv rqo| rqh w|sh iru hdfk sod|hu1 Wkh suhvhqfh ri lqfrpsohwh
lqirupdwlrq qhfhvvlwdwhv vrph prghoolqj fkrlfhv zklfk gr qrw kdyh frxqwhusduwv lq
wkh zrun ri \rxqj1 Zh suhihu wr idfh wkhvh lq d jhqhudo irupxodwlrq udwkhu wkdq iru
wkh vshflf jdphv vhsdudwho|1
614 Wkh Edvlf Ohduqlqj Surfhvv
Hqylvdjh wkdw wkhuh duh wzr odujh +glvmrlqw, srrov ri sod|hu 4v dqg 5v/ erwk srrov
sduwlwlrqhg dffruglqj wr w|shv1 Sod|huv iurp wkh wzr srrov sod| d jdph ehwzhhq
wkhp lq vxevhtxhqw urxqgv1 Lq hdfk urxqg rqh sod|hu 4 lv slfnhg dw udqgrp iurp
srro 4/ vxfk wkdw w|sh k kdv suredelolw| @Ek/ dqg rqh sod|hu 5 lv slfnhg udqgrpo|
iurp srro 5 zlwk suredelolw| KEq ri w|sh q1 Wkh slfnhg sod|hu 4 fkrrvhv dq dfwlrq
o iurp -/ zkloh wkh slfnhg sod|hu 5 fkrrvhv dq dfwlrq S iurp 1 Wkh| uhfhlyh
sd|rv dffruglqj wr wkhlu fkrlfhv o dqg S/d q gw k h l uw | s h vkdqg q/d vj l y h qe |w k h
xqghuo|lqj jdph/ wkdw lv/ Eoc Sckc q wr sod|hu 4/ dqg EocSc kc q wr sod|hu 51
Zh pdnh wzr lpsruwdqw lqirupdwlrqdo dvvxpswlrqv1 +4, Sod|huv nqrz wkh wuxh
suredelolw| phdvxuh/ @ ru K/ e| zklfk wkhlu rssrqhqw lv slfnhg1 +5, Diwhu d urxqg
ri sod| wkh dfwlrqv o dqg S fkrvhq lq wkh urxqg/ dv zhoo dv wkh wuxh w|shv k dqg q
ri wkh sod|huv zkr wrrn wkhp/ ehfrph nqrzq wr hyhu|erg|1
Wkh lqglylgxdov nhhs uhfrugv ri sdvw sod|1 Iru hdfk w|sh k ru q/ d uhfrug k ru
9q uhsruwv zklfk dfwlrqv zhuh wdnhq wkh odvw 6k ru 6q wlphv d sod|hu ri wkdw w|sh
sod|hg/ k 5 -6k dqg q 5 6q1 D vwdwh  lv d frpsohwh ghvfulswlrq ri wkh uhfrugv/




qM￿ 6q1 Wkh vwdwh vsdfh lv wkxv qlwh1 Diwhu d
urxqg ri sod| zkhuh d w|sh k ri sod|hu 4 fkrvh oc djdlqvw d w|sh q ri sod|hu 5 zkr
fkrvh S/r q o | kdqg q duh xsgdwhg/ dqg wklv lv grqh e| ghohwlqj lq hdfk ri wkhp
wkh roghvw revhuydwlrq dqg lqvhuwlqj dv wkh qhzhvw revhuydwlrq o dqg S uhvshfwlyho|1
Jlyhq d vwdwh / d vwdwh ￿ lv d vxffhvvru wr /l il wl vs r v v l e o hw rj ri u r pwr ￿ lq
rqh vwhs dffruglqj wr wklv surfhgxuh e| slfnlqj k dqg q/d q godqg S dssursuldwho|1
Zkhq d sod|hu 4 kdv ehhq slfnhg/ kh uvw vdpsohv iurp wkh uhfrugv rq sod|hu 5>
iru hdfk q kh wdnhv d vdpsoh 'q iurp q/ zkhuh wkh vdpsoh vl}h &q 'r ' q ixoov
&q  6q1 Wkh vdpsolqj jrhv rq dffruglqj wr d udqgrp surfhgxuh/ zklfk lv vxfk
wkdw doo revhuydwlrqv lq q kdyh srvlwlyh suredelolw| ri ehlqj lq 'q1O h w'eh wkh
froohfwlrq ri vdpsohv/ ' 'E ' q 1 D slfnhg sod|hu 5 vdpsohv k iurp k/ zkhuh djdlq
wkh vdpsoh vl}h lv &k  6k/d q gw k hv h wr iv d p s o h vl v'E  k 1V d p s o h v kdqg
'q duh frqyhuwhg lqwr suredelolw| phdvxuhv Rk dqg ^q ryhu - dqg  uhvshfwlyho|
wkh reylrxv zd|> RkEo lv wkh qxpehu ri wlphv o dsshduv lq wkh vdpsoh k glylghg
e| &k/ hwf1 Lw zloo fdxvh qr frqixvlrq wr lghqwli| wkh vdpsohv  dqg ' zlwk wkh vr
ghulyhg froohfwlrqv ri suredelolw| phdvxuhv R dqg ^1
Dffruglqj wr wkh edvlf ohduqlqj surfhvv/ d sod|hu 4 slfnhg iru sod| zloo wdnh dq
dfwlrq lq L-kE'/l ik hl vr iw | s hk 1L iL-kE' kdv vhyhudo hohphqwv/ kh zloo
slfn rqh dw udqgrp dffruglqj wr d ixoo vxssruw suredelolw| phdvxuh rq L-kE'1
Vlploduo| d slfnhg sod|hu 5 ri w|sh q zloo wdnh dq dfwlrq lq L-qE1
Jlyhq wkh udqgrp surfhgxuhv e| zklfk sod|huv duh slfnhg/ vdpsolqj jrhv rq/ dqg
wlhv duh eurnhq/ wkhuh zloo iru hdfk sdlu ri vwdwhv  dqg ￿ eh d vshflf suredelolw|
ri jrlqj iurp  wr ￿ lq rqh vwhs1 Fdoo wklv wudqvlwlrq suredelolw| ZfEc￿1R i
frxuvh/ li ￿ lv qrw d vxffhvvru ri /w k h qZ fE c￿'f 1 Wkh pdwul{ ri doo wudqvlwlrq
suredelolwlhv lv f/ zklfk ghqhv d krprjhqhrxv Pdunry fkdlq rq M1
D frqyhqwlrq lv ghqhg dv d vwdwh  zlwk wzr surshuwlhv= +4, Lw frqvlvwv hqwluho|
ri frqvwdqw uhfrugv/ wkdw lv/ iru hdfk k/ wkh uhfrug k lv d olvw ri 6k lghqwlfdo dfwlrqv
oEk/d q gi r uh d f kq / qlv d olvw ri 6q lghqwlfdo dfwlrqv SEq1 +5, Hdfk uhfrughg
dfwlrq lv wkh xqltxh xqgrplqdwhg ehvw uhso| wr wkh vdpsohv wkdw duh srvvleoh iurp
=L ir q ho h w v keh wkh olvw ri &k wlphv oEk/d q go h w v' qeh wkh olvw ri &q wlphv
SEq>w k h qL-kE''i o E k  jiru hdfk kc dqg L-qE'i S E q  jiru hdfk q1
:D frqyhqwlrq lv dq devruelqj vwdwh iru f/ wkdw lv/ d vwdwh wkdw rqh vwd|v lq
iru vxuh zkhq wudqvlwlrqv duh jryhuqhg e| f1 Vlqfh zh kdyh dvvxphg wkdw lq fdvh
ri vhyhudo xqgrplqdwhg ehvw uhsolhv doo kdyh srvlwlyh suredelolw|/ lw lv dovr wuxh
wkdw hyhu| devruelqj vwdwh lv d frqyhqwlrq1 Ixuwkhu/ iru dq| frqyhqwlrq wkhuh lv d
vhpl0vwulfw Ed|hvldq htxloleulxp ghqhg lq wkh reylrxv zd|/ dqg hyhu| vhpl0vwulfw
Ed|hvldq htxloleulxp ghqhv h{dfwo| rqh frqyhqwlrq1 Vlqfh zh kdyh dvvxphg wkdw
wkhuh lv d vhpl0vwulfw Ed|hvldq htxloleulxp/ f kdv dw ohdvw rqh frqyhqwlrq dqg
devruelqj vwdwh1
Dvvxph wkdw iurp dq| vwdwh/ wkhuh lv/ dffruglqj wr f/ srvlwlyh suredelolw| ri
uhdfklqj d frqyhqwlrq lq d qlwh qxpehu ri vwhsv1 Iurp d vwdqgdug dujxphqw
wkhuh lv wkhq suredelolw| rqh ri qdoo| uhdfklqj d frqyhqwlrq luuhvshfwlyho| ri lqlwldo
vwdwh/5 dqg zh vd| wkdw wkh edvlf ohduqlqj surfhvv frqyhujhv wr d frqyhqwlrq1 Rqh
fdq irupxodwh dvvxpswlrqv rq wkh frqvlghuhg jdph dqg wkh ghwdlov ri wkh ohduqlqj
surfhvv wkdw hqvxuh frqyhujhqfh1 Wkh iroorzlqj lv d vwudljkwiruzdug h{whqvlrq ri
d uhvxow lq \rxqj +4<<6d,1 Iluvw ghqh wkh ehvw uhso| judsk= Hdfk qrgh r lv d
frpelqdwlrq EoEkcSEq ri dfwlrqv/ rqh iru hdfk w|sh ri hdfk sod|hu1 Wkhuh lv d
gluhfwhg hgjh iurp r wr r￿ li dqg rqo| li r￿ lv glhuhqw iurp r iru h{dfwo| rqh w|sh ri
rqh sod|hu/ dqg iru wklv w|sh wkh dfwlrq lq r￿ lv dq xqgrplqdwhg ehvw uhso| wr wkh
vwudwhj| frpelqdwlrq ri wkh rssrqhqw lq r1 Wkh jdph lv zhdno| df|folf li/ iurp dq|
qrgh/ wkhuh lv d gluhfwhg sdwk +wkurxjk gluhfwhg hgjhv, wr vrph qrgh rxw ri zklfk
wkhuh lv qr hgjh +d vlqn,1 Hyhu| vlqn lv d vhpl0vwulfw Ed|hvldq htxloleulxp1 Iru hdfk
qrgh r/o h wu E r eh wkh ohqjwk ri wkh vkruwhvw sdwk wr d vlqn1 Ohw u eh wkh pd{lpxp
ri uEr ryhu doo qrghv1
Sursrvlwlrq 31 Li wkh jdph lv zhdno| df|folf dqg iru doo w|shv = &￿ 
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wkhq wkh edvlf ohduqlqj surfhvv frqyhujhv wr d frqyhqwlrq1
Vrphwlphv lw lv srvvleoh wr jlyh d gluhfw surri ri frqyhujhqfh qrw uhihuulqj wr
Sursrvlwlrq 3/ dv iru wkh elodwhudo prqrsro| jdph vwxglhg lq Vhfwlrq 81 Frqyhujhqfh
lpsolhv wkdw wkhuh duh qr rwkhu devruelqj vhwv wkdq wkh vlqjohwrq vhwv ri frqyhqwlrqv1
5Li wkhuh lv/ vwduwlqj iurp dq| vwdwh/ dw ohdvw suredelolw| ￿ ri uhdfklqj d frqyhqwlrq lq v vwhsv/
wkhq wkhuh lv dw prvw suredelolw| 4 ￿ ￿ ri qrw uhdfklqj d frqyhqwlrq lq v vwhsv/ dqg wkhq wkhuh lv
dw prvw suredelolw| +4￿￿,w ri qrw uhdfklqj d frqyhqwlrq lq vw vwhsv1 Khuh +4￿￿,w jrhv wr }hur dv
w jrhv wr lq￿qlw|1 Vr/ lqghshqghqwo| ri lqlwldo vwdwh lw kdv suredelolw| }hur wr qrw hyhqwxdoo| uhdfk
d frqyhqwlrq/ ru suredelolw| rqh wr uhdfk rqh1
;Lw wkhq iroorzv iurp d vwdqgdug uhvxow rq Pdunry fkdlqv wkdw d vwdwlrqdu| glvwul0
exwlrq iru f/ d suredelolw| phdvxuh > ryhu M/ vxfk wkdw >f ' >/ fdq rqo| kdyh
>E : f iru frqyhqwlrqv 1 Wkh uhyhuvh/ wkdw dq| glvwulexwlrq zlwk >E : f rqo|
iru frqyhqwlrqv  lv vwdwlrqdu|/ lv reylrxv1
Wkh ghqlwlrq ri wkh edvlf ohduqlqj surfhvv lqyroyhv vrph prghoolqj fkrlfhv/
zklfk duh qrw mxvw vwudljkwiruzdug h{whqvlrqv ri irupxodwlrqv lq \rxqj +4<<6d,1
Rqh kdv qrwklqj lq sduwlfxodu wr gr zlwk lqfrpsohwh lqirupdwlrq= Zh dvvxph wkdw
sod|huv rqo| frqvlghu xqgrplqdwhg ehvw uhsolhv/ qrw doo ehvw uhsolhv/ dv fdqglgdwhv
iru dfwlrqv wr wdnh1 Frqvhtxhqwo| wkh| sxw srvlwlyh suredelolw| rq doo xqgrplqdwhg/
qrw rq doo/ ehvw uhsolhv1 Xqh{shfwhg dfwlrqv zloo rffxu iuhtxhqwo| gxh wr wuhpeolqj/
dqg lw lv wkhuhiruh gdqjhurxv wr sod| grplqdwhg dfwlrqv1 Vlqfh wkhuh duh dozd|v
xqgrplqdwhg ehvw uhsolhv/ lw lv prvw qdwxudo wr dvvxph wkdw sod|huv suhihu wkhvh1 Dv
d frqvhtxhqfh wkh htxloleuld wkdw fruuhvsrqg wr wkh devruelqj vwdwhv ri wkh edvlf
ohduqlqj surfhvv duh doo wkh vhpl0vwulfw/ dqg qrw rqo| doo wkh vwulfw dv lq \rxqj
+4<<6d,1
Wkh rwkhu wzr duh= +4, lqglylgxdov nqrz wkh wuxh phdvxuhv @ dqg K/d q g+5,
wkh| shuihfwo| revhuyh w|shv +dv zhoo dv dfwlrqv,1 Wkhvh duh olqnhg wr lqfrpsohwh
lqirupdwlrq dqg fdq eh vdlg wr eh dw wkh prvw zhoo0lqiruphg h{wuhph1 D frqvhtxhqfh
ri +4, lv wkdw wkh suredelolwlhv ri w|shv duh qrw/ dv duh wkh dfwlrq fkrlfhv ri w|shv/
vxemhfw ri ohduqlqj1 Lq idyru ri +4, lw fdq eh dujxhg wkdw lqirupdwlrq derxw d
srsxodwlrq*v glvwulexwlrq ryhu w|shv lv riwhq pruh dydlodeoh wkdq lqirupdwlrq derxw
krz w|shv fkrrvh dfwlrqv1 Iru lqvwdqfh/ lw pd| eh r!fldoo| vwdwlvwlfdoo| uhfrughg
krz shrsoh duh glvwulexwhg dffruglqj wr lqfrph/ frqvxpswlrq/ rffxsdwlrq/ hwf1/ ru
krz upv duh glvwulexwhg dffruglqj wr sodqw vl}h/ qdqfldo ru rzqhuvkls vwuxfwxuh/
hwf1/ ihdwxuhv zklfk pd| eh uhohydqw iru wkh +qrw gluhfwo| revhuydeoh, w|sh ri d
sod|hu1 Iru +5, qrwh wkdw li wkh sod|hu srrov duh odujh/ hdfk lqglylgxdo rqo| sod|v
uduho|/ vr qr lqglylgxdo kdv lqfhqwlyh wr klgh klv w|sh diwhu kdylqj sod|hg1 Ixuwkhu/
iru vrph jdphv ri lqfrpsohwh lqirupdwlrq wkhuh lv hqrxjk vwuxfwxuh lq wkh zd|
sd|rv ghshqg rq w|shv wr hqvxuh wkdw rqh fdq uhdg wkh rssrqhqw*v w|sh iurp
rqh*v rzq sd|r1 Wkhuhiruh/ li sd|rv fdq eh revhuyhg/ vr fdq w|shv1 D sxuho|
dqdo|wlfdo prwlydwlrq iru +4, dqg +5, lv wkdw lw vhhpv qdwxudo lq d uvw lqyhvwljdwlrq
ri wkh hyroxwlrqdu| dssurdfk lq vwdwlf jdphv ri lqfrpsohwh lqirupdwlrq wr frqvlghu
dvvxpswlrqv dw wkh prvw zhoo0lqiruphg h{wuhph1
<615 Wkh Shuwxuehg Ohduqlqj Surfhvv
Wkh edvlf ylhz wdnhq lq wkh olwhudwxuh rq hyroxwlrqdu| ohduqlqj lv wkdw d voljkwo|
shuwxuehg surfhvv lqyroylqj wuhpeohv lv pruh uhdolvwlf wkdq wkh edvlf rqh ghvfulehg
deryh1 Zh prgli| wkh surfhvv e| dvvxplqj wkdw wkhuh lv lq hdfk urxqg iru hdfk
sod|hu lqghshqghqwo| d vpdoo suredelolw| 0 wkdw d slfnhg sod|hu zloo qrw sod| d ehvw
uhso| wr klv vdpsohv/ exw wdnh d udqgrp dfwlrq dffruglqj wr d vshflf ixoo vxssruw
glvwulexwlrq +zklfk lv lqghshqghqw ri 0, ryhu klv ixoo vwudwhj| vhw1 Wkh uhpdlqlqj
suredelolw| 0 lv dvvljqhg wr wkh xqgrplqdwhg ehvw uhsolhv dv ehiruh1 Wklv phdqv
wkdw lq hdfk urxqg/ dq| vxerswlpdo dfwlrq kdv d suredelolw| sursruwlrqdo wr 0
ri ehlqj sod|hg1 Wkh ghvfulehg wuhpeolqj fdq eh lqwhusuhwhg dv plvwdnhv ru h{0
shulphqwv ru pxwdwlrqv1 Wkh wudqvlwlrq suredelolwlhv ri wkh prglhg surfhvv duh
fdoohg Z0Ec￿/ dqg wkh pdwul{ ri wudqvlwlrq suredelolwlhv/ wkh shuwxuehg Pdunry
fkdlq/ lv fdoohg 01
Wkhuh lv khuh d prghoolqj fkrlfh zklfk lv sduwlfxoduo|/ exw qrw rqo|/ uhohydqw iru
jdphv ri lqfrpsohwh lqirupdwlrq1 Dq dowhuqdwlyh vshflfdwlrq frxog eh wkdw lq wkh
00hyhqwxdolw| ri d wuhpeoh d udqgrp dfwlrq lv slfnhg iurp d ixoo vxssruw glvwulexwlrq
rqo| ryhu wkh vxevhw ri xqgrplqdwhg dfwlrqv1 Wklv frxog eh sduwlfxoduo| uhohydqw li
wuhpeohv duh lqwhusuhwhg dv h{shulphqwv1 Vxfk d uhvwulfwlrq rq wuhpeolqj frxog hdvlo|
eh fdswxuhg e| h{foxglqj iurp wkh ehjlqqlqj grplqdwhg dfwlrqv iurp wkh vwudwhj|
vhwv/ zklfk frxog zhoo lpso| wkdw wkh vhwv ri dydlodeoh dfwlrqv zrxog ghshqg rq w|sh/
-Ek dqg Eq/ dv douhdg| glvfxvvhg1 Khuh zh kdyh fkrvhq wkh qrwdwlrqdoo| vlpsohu
irupxodwlrq zkhuh doo w|shv ri d sod|hu kdyh wkh vdph vwudwhj| vhw dqg wuhpeohv
pd| jr wr doo dowhuqdwlyh vwudwhjlhv lq wkdw vhw1 Zh qrwh/ krzhyhu/ uvw wkdw doo
ri wkh txdolwdwlyh jhqhudo uhvxowv uhsruwhg lq wklv vhfwlrq zrxog eh lghqwlfdo lq wkh
irupxodwlrq zlwk w|sh ghshqghqw vwudwhj| vhwv dv orqj dv lw lv dvvxphg wkdw d wuhpeoh
iru d w|sh k f r x o gj rw rd q |v w u d w h j |l q- E k  / hwf1 Vhfrqg/ wkh htxloleulxp vhohfwlrq
rewdlqhg iru wkh vshflf jdphv vwxglhg ehorz grhv qrw ghshqg rq wuhpeolqj wr
grplqdwhg dfwlrqv1 Iru wkh Fklfnhq jdph wklv iroorzv vlqfh wkhuh duh qr grplqdwhg
dfwlrqv1 Iru wkh elodwhudo prqrsro| jdph wkhuh duh pdq| grplqdwhg dfwlrqv vlqfh
lw lv dozd|v grplqdwhg iru d ex|hu/ h1j1/ wr elg dw ru deryh klv uhvhuydwlrq sulfh1
Zh ghprqvwudwh/ krzhyhu/ wkdw wkh vhohfwhg htxloleulxp lv wkh vdph li wuhpeolqj
fdq jr wr doo elgv dv zkhq wuhpeolqj lv uhvwulfwhg wr jr wr elgv rq wkh uljkw vlgh
ri wkh uhvhuydwlrq sulfh1 Wkh vhohfwlrq uhvxowv wkxv krog erwk iru lqwhusuhwdwlrqv
43ri wuhpeohv wkdw zrxog qdwxudoo| doorz wkhvh wr jr wr grplqdwhg dfwlrqv/ dqg iru
lqwhusuhwdwlrqv wkdw zrxog qdwxudoo| h{foxgh wkhp iurp grlqj vr1
Wkh surfhvv 0 lv luuhgxfleoh= iru dq| sdlu ri vwdwhv  dqg ￿/ wkhuh lv dffruglqj
wr 0 srvlwlyh suredelolw| ri jrlqj iurp  wr ￿ lq d qlwh qxpehu ri vwhsv> wklv lv
mxvw d pdwwhu ri slfnlqj w|shv dqg dfwlrqv +zklfk qrz doo kdyh srvlwlyh suredelolw|,
dssursuldwho|1 Ixuwkhu/ 0 lv dshulrglf= wklv iroorzv vlqfh 0 lv luuhgxfleoh dqg wkhuh
lv d frqyhqwlrq  zlwk Z0Ec : f1 Ilqdoo|/ 0 lv d uhjxodu shuwxuedwlrq ri f lq
wkh vhqvh ri \rxqj+4<<6d,/ l1h1/ 0 lv luuhgxfleoh dqg dshulrglf/ 0 $  f dv 0 $ f/
dqg iru dq| wudqvlwlrq ￿ iru zklfk ZfEc￿'f / wkhuh lv d zhoo ghqhg rughu ri
wkh vshhg e| zklfk Z0Ec￿ jrhv wr }hur zlwk 01
Wkh uhvlvwdqfh lq d wudqvlwlrq ￿ lv ghqhg dv wklv rughu= Li ZfEc￿'f /d q g
 ￿ lv qrw d vxffhvvru ri /v rh y h qz l w kw u h p e o h vl wl vl p s r v v l e o hw rj ri u r pwr
￿/w k h qd o v rZ 0E c￿'f /d q gZ 0E c￿ frxog eh vdlg wr jr wr }hur lqqlwho| idvw/
vr wkh uhvlvwdqfh lq ￿ lv lqqlwh1 Li ZfEc￿'f / exw rqh fdq jr iurp  wr ￿
li rqh w|sh ri hdfk sod|hu pdnhv d wuhpeoh/ vr wzr wuhpeohv duh qhfhvvdu|/ wkhq
Z0Ec￿ lv vrph frqvwdqw wlphv 02/ zklfk jrhv wr }hur zlwk d vshhg ri rughu wzr/
dqg wkh uhvlvwdqfh lq ￿ lv wzr1 Li ZfEc￿'f / exw lw wdnhv mxvw rqh wuhpeoh +e|
r q hw | s hr ir q hs o d | h u ,w rj ri u r pwr ￿/w k h qZ 0E c￿ l vdf r q v w d q ww l p h v0 /d q g
wkh uhvlvwdqfh lv rqh1 Ilqdoo|/ li ZfEc￿ : f/ wkh uhvlvwdqfh lv }hur1 Wr qg wkh
uhvlvwdqfh lq d wudqvlwlrq iurp rqh vwdwh wr dqrwkhu lv mxvw d pdwwhu ri frxqwlqj wkh
wuhpeohv qhfhvvdu| wr jr iurp wkh uvw wr wkh vhfrqg1
Lw lv vwdqgdug iurp wkh wkhru| ri Pdunry fkdlqv wkdw iru hdfk 0:f /w k h u hl vd
xqltxh vwdwlrqdu| glvwulexwlrq >0/ >00 ' >0/ dqg wklv kdv wkh hpslulfdo frqwhqw/
wkdw li rqh ohwv wkh surfhvv uxq iru d orqj wlph dffruglqj wr wkh suredelolwlhv ri
0/ wkhq wkh uhodwlyh iuhtxhqflhv e| zklfk wkh vwdwhv duh ylvlwhg frqyhujh wr wkh
suredelolwlhv ri >0 zlwk suredelolw| rqh1 Rxu lqwhuhvw lv lq 0 iru vpdoo 0/d q g
wkhuhiruh lq >f  *403<f > 01 Lw iroorzv e| \rxqj +4<<6d,/ Ohppd 4/ wkdw wklv olplw
glvwulexwlrq h{lvwv/ dqg wkdw lw lv d vwdwlrqdu| glvwulexwlrq iru f1 Wkh vwdwhv lq wkh
vxssruw ri >f duh fdoohg vwrfkdvwlfdoo| vwdeoh/ dqg wkhvh duh wkh vwdwhv wkdw zloo eh
revhuyhg iuhtxhqwo| iru vpdoo 01V l q f h> flv vwdwlrqdu| iru f/ li wkh edvlf ohduqlqj
surfhvv frqyhujhv/ wkhq rqo| wkh frqyhqwlrqv ri f fdq eh vwrfkdvwlfdoo| vwdeoh1
Wklv kdv wzr lpsruwdqw lpsolfdwlrqv1 Lq wkh orqj uxq revhuyhg sod| zloo prvw
ri wkh wlph eh lq dffrugdqfh zlwk wkh jdph*v vhpl0vwulfw Ed|hvldq htxloleuld1 Wklv
44vxssruwv wkh qrwlrq ri Ed|hvldq htxloleulxp/ lq vr idu dv wkh jdph dqg wkh ghwdlov
ri wkh surfhvv duh vxfk wkdw wkh edvlf ohduqlqj surfhvv lv frqyhujhqw1 Ixuwkhu/ lw zloo
riwhq eh wkh fdvh wkdw rqo| rqh frqyhqwlrq lv/ ru rqo| d ihz forvh frqyhqwlrqv duh/
vwrfkdvwlfdoo| vwdeoh/ vr rqo| sod| dffruglqj/ ru forvh/ wr d vshflf ri wkh jdph*v
vhpl0vwulfw Ed|hvldq htxloleuld zloo eh revhuyhg iuhtxhqwo|1 Wklv surylghv d vhohfwlrq
dprqj wkh Ed|hvldq htxloleuld1
Wr dfwxdoo| qg wkh vhohfwhg htxloleuld uhtxluhv wkh xvh ri d +txlwh frpsolfdwhg,
wkhruhp fkdudfwhul}lqj wkh vwrfkdvwlfdoo| vwdeoh vwdwhv1 Wkh iroorzlqj lv d uhvxow
iurp \rxqj +4<<6d,/ vshfldol}hg wr wkh vlwxdwlrq zkhuh doo devruelqj vhwv duh vlqjoh0
wrq +l1h1/ frqyhqwlrqv,1 Dvvxph wkdw f kdv vhyhudo frqyhqwlrqv ￿ccA1D e r y h
lw zdv ghvfulehg krz rqh ghqhv wkh uhvlvwdqfh ri d gluhfw wudqvlwlrq ehwzhhq wzr
vwdwhv1 Iru wzr frqyhqwlrqv  dqg ￿/ ghqh wkh uhvlvwdqfh lq wkh +lqgluhfw, wudqvl0
wlrq ￿/ dv wkh plqlpdo vxp ri uhvlvwdqfhv ryhu doo froohfwlrqv ri gluhfw wudqvlwlrqv
ohdglqj iurp  wr ￿1D q 0wuhh lv d froohfwlrq ri wudqvlwlrqv ,? ehwzhhq frqyhq0
wlrqv vxfk wkdw hdfk frqyhqwlrq rwkhu wkdq  vwdqgv uvw lq h{dfwo| rqh wudqvlwlrq/
dqg iru dq| frqyhqwlrq ￿ 9' / wkhuh lv d xqltxh zd| wr jr iurp ￿ wr  wkurxjk wkh
wudqvlwlrqv ri wkh froohfwlrq1 Iru hdfk 0wuhh rqh fdq ghqh wkh vxp ri uhvlvwdqfhv
hperglhg lq wkh wudqvlwlrqv ri wkh wuhh1 Wkh vwrfkdvwlf srwhqwldo ri  lv wkh plqlpdo
ri vxfk wrwdo uhvlvwdqfhv ryhu doo 0wuhhv1
Wkhruhp 31 Dvvxph wkdw wkh edvlf ohduqlqj surfhvv frqyhujhv wr d frqyhq0
wlrq1 Wkhq wkh vwrfkdvwlfdoo| vwdeoh vwdwhv duh h{dfwo| wkh frqyhqwlrqv zlwk plqlpdo
vwrfkdvwlf srwhqwldo1
7 Frqyhqwlrqdo Ehkdylru lq Fklfnhq zlwk Lqfrp0
sohwh Lqirupdwlrq
Ehorz wr wkh ohiw wkh frpsohwh lqirupdwlrq jdph Fklfnhq lv glvsod|hg/ zkhuh - '
 ' i(cMj/d q gk:fdqg q:f 1
(M
( f c f f cq
M kcf c
(M
( f c f  cq
M kc fcf
Wklv lv d surwrw|sh vwudwhjlf vlwxdwlrq zkhuh hdfk sod|hu kdv d fdxwlrxv dfwlrq/ khuh
( +Gryh,/ dqg d wrxjk rqh/ khuh M +Kdzn,/ dqg lw lv jrrg wr wdnh wkh wrxjk dfwlrq
45djdlqvw dq rssrqhqw sod|lqj fdxwlrxvo| 0 wkh sdudphwhuv k dqg q lqglfdwh krz jrrg
0 exw edg wr wdnh lw djdlqvw dq rssrqhqw zkr dovr sod|v wrxjko|/ zkloh ( djdlqvw
( lv qhxwudo16 Wkh jdph kdv h{dfwo| wzr vwulfw Qdvk htxloleuld= Rqh lv EMc(/
zkhuh Sod|hu 4 sod|v M/ dqg Sod|hu 5 sod|v (> wkh rwkhu lv E(cM1
Iru wkh ulvn grplqdqfh uhodwlrq/ Kduvdq|l dqg Vhowhq +4<;;,/ rqh wudqvirupv
wkh jdph wr wkh rqh wr wkh uljkw zlwk rqo| }hur*v rq wkh r0htxloleulxp gldjrqdo
dqg wkh vdph ehvw uhso| vwuxfwxuh1 Wkh Qdvk surgxfw ri dq htxloleulxp lv wkh
surgxfw ri wkh wzr sod|huv* sd|rv lq wkh wudqviruphg jdph/ dqg wkh ulvn grpl0
qdwlqj htxloleulxp lv wkh htxloleulxp zlwk wkh odujhvw Qdvk surgxfw/ vr li k:q /
wkhq EMc( ulvn grplqdwhv E(cM/ dqg ylfh yhuvd1 \rxqj +4<<6d, dqg Ndqgrul/
Pdlodwk/ dqg Ure +4<<6, vkrz wkdw wkh ulvn grplqdqfh vhohfwlrq uxoh lv vxssruwhg
e| hyroxwlrqdu| ohduqlqj1 \rxqj*v surfhvv lv dv ghqhg lq Vhfwlrq 6 zlwk rqo| rqh
w|sh ri hdfk sod|hu1 Dvvxph wkdw wkh uhfrug vl}hv iru erwk srvlwlrqv lq wkh jdph
duh 6/ dqg wkh vdpsoh vl}hv duh erwk &1 Lw vkrxog fdxvh qr frqixvlrq dovr wr ohw
d yhfwru ri 6 wlphv M eh ghqrwhg e| M/ hwf1 Wkh wzr frqyhqwlrqv duh EMc(
dqg E(cM/ fruuhvsrqglqj wr wkh wzr vhpl0vwulfw htxloleuld1 \rxqj vkrzv wkdw li
&	6 *  / wkhq wkh edvlf ohduqlqj surfhvv frqyhujhv/ dqg li ixuwkhu & lv vx!flhqwo|
odujh/ wkhq wkh frqyhqwlrq fruuhvsrqglqj wr wkh ulvn grplqdwlqj htxloleulxp lv wkh
rqo| vwrfkdvwlfdoo| vwdeoh vwdwh1
Zh qrz frqvlghu d jdph ri Fklfnhq zlwk lqfrpsohwh lqirupdwlrq1 Wkh dfwlrq
vhwv duh vwloo - '  ' i(cMj/ dqg xqfhuwdlqw| rqo| frqfhuqv krz jrrg lw lv iru
d sod|hu wr sod| M djdlqvw (1 Sod|hu 4 lv ri rqh ri wzr w|shv zklfk/ zlwk d voljkw
dexvh ri qrwdwlrq/ duh fdoohg *k dqg k/z k h u hklv d qxpehu deryh rqh1 Hdfk w|sh
kdv suredelolw| *21 Vlploduo|/ sod|hu 5 lv ri w|sh *q zlwk suredelolw| 425/ dqg ri
w|sh q zlwk suredelolw| *2/z k h u hq: 1 Iru wkh dfwlrq frpelqdwlrqv E(c( dqg
EMcM sd|rv duh lqghshqghqw ri w|shv dqg dv jlyhq lq wkh frpsohwh lqirupdwlrq
jdph/ wkdw lv/ Efcf dqg Ec uhvshfwlyho|1 Li wkh dfwlrq frpelqdwlrq lv EMc(/
wkhq sod|hu 4*v sd|r lv lqghshqghqw ri wkh w|sh ri sod|hu 5/ dqg lw lv *k li sod|hu
4l vr iw | s h *k/d q gkli kh lv ri w|sh k/ zkloh sod|hu 5 jhwv f lqghshqghqwo| ri
w|shv1 Vlploduo|/ li wkh frpelqdwlrq lv E(cM/w k h qs o d | h u5j h w v *q li ri w|sh
6Wkh dvvxpswlrq wkdw d sod|hu xvlqj G uhfhlyhv wkh vdph sd|r￿ zkhq wkh rssrqhqw sod|v G
dv zkhq kh sod|v K vlpsol￿hv vrph irupxodv ehorz/ exw lv qrw hvvhqwldo iru wkh edvlf uhvxow1 Wkh
Fklfnhq jdph irupdol}hv/ h1j1/ gxrsro| vlwxdwlrqv zkhuh wkh vwudwhjlf frq lfw lv uhdoo| d edwwoh
ryhu wkh urohv dv ohdghu dqg iroorzhu1
46*q/d q gqli ri w|sh q/ lqghshqghqwo| ri wkh w|sh ri sod|hu 4/ zkloh sod|hu 4 jhwv
}hur luuhvshfwlyh ri w|shv1 Iru zkdw iroorzv lw lv frqyhqlhqw wkdw wkh lqfrpsohwh
lqirupdwlrq jdph lv +dovr, jlyhq e| mxvw wzr sdudphwhuv k dqg q/ dqg wkdw wkhvh
phdvxuh wkh ghjuhh ri wkh sod|huv* xqfhuwdlqw| derxw sd|rv1
Wkh lqfrpsohwh lqirupdwlrq jdph kdv wkuhh vwulfw Ed|hvldq htxloleuld1 Wkh uvw
wzr duh= oE*k'o E k 'McSE*q'S E q '( /d q go E*k'o E k '(cSE*q'
S E q 'M 1 Wkhvh duh frxqwhusduwv ri wkh vwulfw htxloleuld ri wkh frpsohwh lqirupd0
wlrq jdph> rq vlgh sod|v M/ dqg wkh rwkhu sod|v ( luuhvshfwlyh ri w|shv1 Wkh sod|huv
frruglqdwh dqg fohduo| wkh htxloleuld duh h!flhqw h{ dqwh dqg h{ srvw1 Wkh wklug
htxloleulxp lv oE*k'S E*q'(coEk'S E q 'M / zkhuh wkh orz w|shv sod|
(/ dqg wkh kljk w|shv sod| M1 Wklv lv dq htxloleulxp vlqfh djdlqvw wkh vwudwhj| ri
sod|hu 5/ sod|hu 4 ri w|sh *k rewdlqv }hur lq h{shfwhg sd|r iurp ( dqg ￿
2E ￿
k  
iurp M/v r(lv ehvw/ zkloh sod|hu 4 ri w|sh k rewdlqv }hur iurp ( dqg ￿
2Ek  
iurp M/v rMlv ehwwhu/ hwf1 Wkhuh lv d odfn ri frruglqdwlrq lq lw/ vlqfh zkhq erwk
sod|huv duh ri orz w|sh ru erwk duh ri kljk w|sh/ orvvhv rffxu1 Wkh htxloleulxp lv
qrw lqh!flhqw h{ dqwh/ exw lw lv h{ srvw/ dqg hyhq h{ dqwh lw lv grplqdwhg e| d kdoi0
kdoi frqyh{ frpelqdwlrq ri wkh rwkhu wzr htxloleuld1 Vr/ wkh wklug htxloleulxp lv
txdolwdwlyho| glhuhqw iurp wkh uvw wzr/ zklfk duh dv wkh htxloleuld xqghu frpsohwh
lqirupdwlrq/ lq sduwlfxodu zlwk uhvshfw wr h!flhqf|1
Frqvlghu wkh ohduqlqj surfhvv ghqhg lq Vhfwlrq 6 iru wklv sduwlfxodu jdph1
Ehfdxvh ri wkh v|pphwu| ri wkh jdph lw lv qdwxudo wr dvvxph 6￿*k ' 6@ ' 6￿*q '
6q ' 6/d q g& ￿ *k ' &k ' &￿*q ' &q ' &1 Wkh wkuhh frqyhqwlrqv duh EMMc((
dqg E((cMM fruuhvsrqglqj wr wkh wzr h!flhqw htxloleuld zlwk frruglqdwlrq/ dqg
E(Mc(M fruuhvsrqglqj wr wkh htxloleulxp zlwk odfn ri frruglqdwlrq1 Lw lv hdv|
wr fkhfn wkdw wkh jdph lv zhdno| df|folf dqg u '2 1 Wkhuhiruh zh jhw gluhfwo| iurp
Sursrvlwlrq 3/
Sursrvlwlrq 41 Li &	6 * e / wkhq wkh edvlf ohduqlqj surfhvv frqyhujhv wr d
frqyhqwlrq1
Vr/ zkhq &	6 * edqg wkh wuhpeolqj suredelolw| lv vpdoo/ rqo| ehkdylru lq
dffrugdqfh zlwk wkh wkuhh frqyhqwlrqv/ ru vwulfw Ed|hvldq htxloleuld/ zloo eh revhuyhg
iuhtxhqwo|1 Wkhruhp 4 whoov zklfk zloo eh revhuyhg/
Wkhruhp 41 Dvvxph &	6 * e 1L i&lv vx!flhqwo| odujh/ wkhq li Ek  Eq 
47 	 e/w k hf r q y h q w l r q vE MMc(( dqg E((cMM duh wkh rqo| vwrfkdvwlfdoo|
vwdeoh vwdwhv/ zkloh li Ek  Eq   : e/ wkh frqyhqwlrq E(Mc(M lv wkh rqo|
vwrfkdvwlfdoo| vwdeoh vwdwh1
Wkh pdlq phvvdjh lv wkdw xqghu lqfrpsohwh lqirupdwlrq htxloleulxp vhohfwlrq e|
hyroxwlrqdu| ohduqlqj lv qr orqjhu rqo| d pdwwhu ri zklfk ri wkh wzr h!flhqw htxl0
oleuld lv vxssruwhg/ ru zkr judvsv wkh vxusoxv1 Udwkhu/ zlwk d vxevwdqwldo dprxqw
ri xqfhuwdlqw| derxw sd|rv/ lw lv wkh txdolwdwlyho| glhuhqw/ ohvv frruglqdwhg htxl0
oleulxp/ dqg rqo| wkdw/ wkdw zloo eh revhuyhg iuhtxhqwo|1 Xqghu lqfrpsohwh lqiru0
pdwlrq/ hyroxwlrqdu| ohduqlqj pd| zhoo vhohfw lq idyru ri htxloleuld zlwk h!flhqf|
surshuwlhv yhu| glhuhqw iurp wkrvh ri wkh htxloleuld/ zklfk duh frxqwhusduwv ri
htxloleuld dovr rffxuulqj xqghu frpsohwh lqirupdwlrq17
8 Frqyhqwlrqdo Ehkdylru lq Elodwhudo Prqrsro|
Edujdlqlqj lq d elodwhudo prqrsro| zlwk xqfhuwdlqw| derxw uhvhuydwlrq sulfhv fdq
eh prghoohg dv d jdph ri lqfrpsohwh lqirupdwlrq/ dv uvw vxjjhvwhg e| Fkdwwhumhh
dqg Vdpxhovrq +4<;6,1 Wkhuh duh wzr sod|huv= sod|hu 4 lv d ex|hu fkdudfwhul}hg e| d
uhvhuydwlrq sulfh k 5 / dqg sod|hu 5 lv d vhoohu fkdudfwhul}hg e| d uhvhuydwlrq sulfh
+ru frvw, q 5 /z k h u hdqg  duh wkh vhwv ri srvvleoh uhvhuydwlrq sulfhv1 Wkh
ex|hu rhuv d sulfh o 5 -/ dqg wkh vhoohu dvnv iru d sulfh S 5 / dqg lw lv dvvxphg
wkdw - '  ' /z k h u hlv wkh vhw ri doorzhg elgv1 Wudgh rffxuv li dqg rqo| li
o  S/ dw wkh wudglqj sulfh R ' onS
2 18 W k hs d | r i r uw k he x | h ul v} h u rl iq rw u d g h
rffxuv/ dqg k  R rwkhuzlvh/ dqg wkh sd|r iru wkh vhoohu lv }hur li qr wudgh rffxuv/
dqg R  q rwkhuzlvh1 Zh zloo uhihu wr k dqg q dv wkh w|shv ri wkh ex|hu dqg wkh
vhoohu uhvshfwlyho|1 Hdfk sod|hu nqrzv klv rzq w|sh/ exw qrw wkh rssrqhqw*v1 Wkh
eholhi frqfhuqlqj wkh odwwhu lv jlyhq e| vrph suredelolw| glvwulexwlrq ryhu  ru /
z k l f kl vl q g h s h q g h q wr iw k hs o d | h u * vr z qw | s h 1
Wklv jdph kdv jdlqhg pxfk dwwhqwlrq lq wkh olwhudwxuh1 Lw fdswxuhv vrph lpsru0
wdqw dvshfwv ri edujdlqlqj xqghu lqfrpsohwh lqirupdwlrq1 Lq idfw lw lv dq h{whqvlrq
7Lw lv mxvw dq duwlidfw ri wkh sd|r￿ vshfl￿fdwlrqv deryh wkdw zkhq +￿￿4,+￿￿4, ? 7/ erwk ri wkh
frqyhqwlrqv fruuhvsrqglqj wr d frruglqdwhg htxloleulxp duh vwrfdkvwlfdoo| vwdeoh1 Lw lv uhodwlyho|
hdv| wr vhh/ h1j1/ wkdw li rqh iurp vxfk d vlwxdwlrq lqfuhdvhv rqh ri wkh sod|hu 4 sd|r￿v d olwwoh elw
deryh 4@￿ ru ￿/ wkhq rqo| +K>K>G>G, lv vwrfkdvwlfdoo| vwdeoh1
8Wkh vhw ri doorzhg wudglqj sulfhv lv wkxv wkh vhw ri doo srvvleoh plgsrlqwv ri doorzhg elgv1
48wr lqfrpsohwh lqirupdwlrq ri wkh edujdlqlqj jdph nqrzq dv Qdvk*v ghpdqg jdph>
d vlpsoh yhuvlrq ri wkh odwwhu dsshduv dv wkh frpsohwh lqirupdwlrq vshfldo fdvh/
 ' ij/  ' ifj1 Ixuwkhupruh/ lw lv d srvvleoh irupdol}dwlrq ri zkdw jrhv rq
zkhqhyhu d ex|hu phhwv d vhoohu/ dqg wkh wzr duh qrw frpsohwho| vxuh derxw wkh
rwkhu*v hdjhuqhvv wr vhoo ru ex|1 Ilqdoo|/ lw lv d vlpsoh fdvh ri d vhdohg elg grxeoh
dxfwlrq/ d pxfk vwxglhg wudgh phfkdqlvp/ vhh Vdwwhuwkzdlwh dqg Zlooldpv +4<;<,1
Lq wkh vshfldo fdvh ri Qdvk*v ghpdqg jdph/ wkhuh lv d vwulfw Qdvk htxloleulxp iru
hdfk elg % 5  vwulfwo| ehwzhhq }hur dqg rqh/ zkhuh erwk sod|huv elg %1D o ow k h v h
htxloleuld duh h!flhqw dqg rqo| glhu zlwk uhvshfw wr wkh glylvlrq ri wkh vxusoxv1
Frqvlghu iru wklv jdph wkh ohduqlqj surfhvv ghqhg lq Vhfwlrq 6/ mxvw zlwk rqo|
rqh w|sh iru hdfk sod|hu/ dqg dvvxph wkdw uhfrug vl}hv rq erwk sod|huv duh 6/d q g
vdpsoh vl}hv duh erwk &/ dqg wkdw &  6*21 Wkhuh lv d frqyhqwlrq iru hdfk ri wkh
vwulfw Qdvk htxloleuld/ zkhuh hdfk frqyhqwlrq frqvlvwv ri wzr uhfrugv/ rqh iru hdfk
sod|hu/ zlwk rqo| wkh elg % ri wkh htxloleulxp lq wkhp1 Lw lv dq lpsolfdwlrq ri wkh
uhvxow lq \rxqj +4<<6e,/ wkdw iru odujh hqrxjk &/ wkh frqyhqwlrq zlwk % ' * 2 /l v
wkh rqo| vwrfkdvwlfdoo| vwdeoh vwdwh +dvvxplqj  v | p p h w u l fz l w kh q r x j ke l g vl ql w /
dqg *2 5 ,1
Xqghu lqfrpsohwh lqirupdwlrq dovr htxloleuld zlwk lqihulru h!flhqf| surshuwlhv
pd| h{lvw1 Dq riwhq vwxglhg yhuvlrq ri wkh jdph lv zkhuh doo ri / /d q gduh
wkh xqlw lqwhuydo/ dqg k dqg q duh lqghshqghqwo| xqlirupo| glvwulexwhg1 Wklv jdph
kdv lqqlwho| pdq| Ed|hvldq htxloleuld dv ghprqvwudwhg e| Ohlqlqjhu/ Olqkduw/ dqg
Udgqhu +4<;<,1
Vrph duh vwhszlvh1 Lq wkhvh wkh sod|huv foxvwhu wkhlu elgv>  dqg  duh sduwl0
wlrqhg lqwr wkh vdph qxpehu ri lqwhuydov/ dqg doo w|shv lq vrph lqwhuydo ri uhvhuydwlrq
sulfhv vxeplw wkh vdph elg1 Wkh elgv xvhg e| wkh wzr vlghv duh wkh vdph1 Wkh vlp0
sohvw fdvh lv d rqh0vwhs htxloleulxp= Ohw % eh dq| qxpehu +vwulfwo|, ehwzhhq }hur
dqg rqh1 Wkh vwudwhjlhv zkhuh wkh ex|hu elgv % li k  %/d q g} h u rr w k h u z l v h /d q g
wkh vhoohu elgv % li q  % dqg rqh rwkhuzlvh/ irup d Ed|hvldq htxloleulxp1 Wudgh
rqo| rffxuv li q lv ehorz %/d q gklv deryh %/ dqg wkh htxloleulxp lv fohduo| lqh!0
flhqw= Rq hlwkhu ru erwk vlghv ri %/ wkhuh zloo eh frxsohv ri w|shv kcq zkr frxog
wudgh wr pxwxdo ehqhw/ k:q / exw gr qrw gr vr vlqfh wkh| duh rq wkh vdph vlgh ri
%1 Wkhuh duh dovr vwhszlvh htxloleuld zlwk wzr/ wkuhh/ hwf1 vwhsv/ dqg wkh| duh dovr
lqh!flhqw +dqg qrw hyhq vhfrqg0ehvw/ vhh ehorz,/ exw dv orqj dv wkh| gr qrw lqyroyh
49wrr pdq| vwhsv/ wkh| kdyh wkh dwwudfwlyh surshuw| wkdw wkh| duh uhodwlyho| vlpsoh=
wkh zd| elgv duh foxvwhuhg uhplqgv ri d vlpsoh uxoh ri wkxpe1
Rwkhu htxloleuld duh vprrwk= wkh vwudwhjlhv duh vprrwk ixqfwlrqv ri w|sh +exw
fdq eh prglhg wr qrq0vprrwk vwudwhjlhv lq duhdv zkhuh qr wudgh rffxuv,1 Wkh
vwudwhjlhv pxvw vdwlvi| d v|vwhp ri uvw rughu glhuhqwldo htxdwlrqv1 D sduwlfxodu
vprrwk htxloleulxp lv ri vshfldo lqwhuhvw= P|huvrq dqg Vdwwhuwkzdlwh +4<;6, vkrz
wkdw dprqj doo Ed|hvldq htxloleuld wkh vwudwhjlhv jlyhq e| oEk'2
￿ kn￿
￿2/d q g
S E q '2
￿qn￿
e pd{lpl}h wkh wrwdo h{shfwhg jdlqv iurp wudgh1 Li k	￿
e ru q:￿
e/
wkhuh lv qr wudgh/ vr wkh htxloleulxp lv qrw ixoo| h!flhqw/9 rqo| vhfrqg0ehvw1 Lw frxog
eh khog djdlqvw wklv htxloleulxp/ krzhyhu/ wkdw lw lv frpsolfdwhg/ vlqfh lw hqwdlov d
yhu| qh wxqhg ghshqghqfh ri elg rq w|sh1
Lqfrpsohwh lqirupdwlrq dggv d glphqvlrq ri pxowlsolflw| zkhuh htxloleuld glhu
dovr zlwk uhvshfw wr edvlf h!flhqf| surshuwlhv1 Wkh lvvxh/ li rqh vkrxog qrupdoo|
h{shfw wr vhh wkh pruh ru wkh ohvv h!flhqw htxloleuld lq dfwxdo sod| ri wklv jdph/ lv
lpsruwdqw/ h1j1/ iru wkh uhfrpphqgdwlrq ri wkh grxeoh dxfwlrq dv d wudgh phfkd0
qlvp1 Wkh edvlf whqvlrq/ ru htxloleulxp vhohfwlrq sureohp/ vhhpv wr vwdqg ehwzhhq
h!flhqf| dqg vlpsolflw|1
Zh zloo lqyhvwljdwh zkdw htxloleulxp vhohfwlrq e| hyroxwlrqdu| ohduqlqj kdv wr
vd| rq wklv whqvlrq1 Zh kdyh wr frqvlghu d qlwh yhuvlrq ri wkh jdph/ dqg wr eh
deoh wr fkdudfwhul}h wkh vwrfkdvwlfdoo| vwdeoh vwdwhv/ d vlpsolhg rqh1 Zh frqvlghu
wkh vshflfdwlrq zkhuh  '  ' ifc ￿
￿c 2
￿cj/ dqg w|sh lv lqghshqghqwo| xqlirupo|
glvwulexwhg> hdfk ri wkh irxu w|shv ri d sod|hu kdv suredelolw| ￿
e1I x u w k h u / '
i f c ￿
? cc?3￿
? cj/z k h u h?' f ￿ iru vrph qdwxudo qxpehu 1: Wklv lv d vlpsohvw
srvvleoh yhuvlrq ri wkh jdph vwloo uhsuhvhqwlqj d wuxh frq lfw ehwzhhq h!flhqf|
dqg vlpsolflw| lq wkh vhqvh wkdw wkh jdph kdv vhpl0vwulfw htxloleuld ri wzr nlqgv=
9Wkh ihdwxuh wkdw iru ￿?4
7/ wkh ex|hu elgv deryh klv uhvhuydwlrq sulfh/ lv wkxv qrw vr shfxoldu>
wkhuh lv qhyhu wudgh li ￿?4
71 Wkh +qrq0vprrwk, vwudwhjlhv zlwk u+￿,@3iru ￿ ehorz 4
7/d q g
f + ￿ ,@4iru ￿ deryh 6
7/ dqg rwkhuzlvh dv deryh/ dovr irup dq htxloleulxp dqg jlyh wkh vdph
rxwfrph1
:Wkh dvvxpswlrq/ q @4 3 Q/ lv whfkqlfdo dqg qrw hvvhqwldo iru rxu uhvxowv1 Lw lpsolhv wkdw 4
6
dqg 5
6 duh qrw doorzhg elgv/ zkhuhdv 4
5 lv1 Ixuwkhu lw lpsolhv wkdw li |?5
6 lv dq doorzhg elg/
wkhq wkhuh lv dqrwkhu doorzhg elg {?4
6/ vxfk wkdw 5{ ￿ |1 Wkhvh surshuwlhv duh frqyhqlhqw vlqfh
wkh| frqwulexwh wr hvwdeolvk wkdw wkh wkh rqo| devruelqj vhwv iru wkh edvlf ohduqlqj surfhvv duh
wkh vlqjohwrq vhwv fruuhvsrqglqj wr vhpl0vwulfw htxloleuld/ ru +zklfk lv wkh vdph,/ wkdw wkh edvlf
ohduqlqj surfhvv frqyhujhv wr d frqyhqwlrq1 Lq wkh devhqfh ri q @4 3 Q/ wkhuh frxog dovr eh vrph
qrq0vlqjohwrq devruelqj vhwv/ exw wkh suhvhqfh ri wkhvh zrxog qrw d￿hfw wkh vwrfkdvwlfdoo| vwdeoh
vwdwhv dqg khqfh qrw wkh vhohfwlrq uhvxow zh rewdlq1
4:60vwhs htxloleuld zklfk duh h!flhqw/ dqg 50vwhs htxloleuld zklfk duh lqh!flhqw/ exw
vlpsohu> vhh ehorz1;
Iru wkh ex|hu lw lv grplqdwhg wr elg dq|wklqj dw ru deryh wkh uhvhuydwlrq sulfh
k/ h{fhsw li ri w|sh k 'f / lq zklfk fdvh wkh rqo| xqgrplqdwhg elg lv o 'f 1R q
wkh rwkhu kdqg/ dq| doorzhg elg %	klv xqgrplqdwhg> lw lv wkh xqltxh ehvw uhso|
iru wkh frqmhfwxuh wkdw wkh vhoohu elgv % luuhvshfwlyh ri w|sh1 Olnhzlvh/ iru d vhoohu ri
w|sh q/ wkh xqgrplqdwhg dfwlrqv duh doo elgv lq  vwulfwo| deryh q/h { f h s wi r uq' /
zkhuh wkh rqo| xqgrplqdwhg elg lv S ' 1 Wkhuh duh pdq| Ed|hvldq htxloleuld lq
sxuh vwudwhjlhv xvlqj rqo| xqgrplqdwhg dfwlrqv1 Wkh vwudwhjlhv oEk'firu doo k/
dqg SEq'iru doo q/ irup d }hur0vwhs htxloleulxp zklfk lqyroyhv qr wudgh> lw
lv kljko| lqh!flhqw1 Qh{w/ iru dq| doorzhg elg % 9'f c / wkh vwudwhjlhv oEk'%li
k:% /d q go E k 'frwkhuzlvh/ dqg SEq'%li q	% /d q gS E q 'rwkhuzlvh/
irup d rqh0vwhs htxloleulxp zklfk lqyroyhv vrph wudgh/ exw lv vwloo lqh!flhqw1 D
rqh0vwhs htxloleulxp lv looxvwudwhg lq Iljxuh 4+d,1 ]hur0 dqg rqh0vwhs htxloleuld duh
qrw vhpl0vwulfw= wkhuh zloo dozd|v eh hlwkhu d w|sh k:fri ex|hu zkr elgv }hur/ ru
dv h o o h uq	 / zkr elgv rqh/ zklfk lv ehvw uhso|/ exw qrw wkh rqo| xqgrplqdwhg ehvw
uhso|/ vlqfh/ h1j1/ wkh vpdoohvw doorzhg elg deryh }hur lv dovr xqgrplqdwhg ehvw uhso|
iru vxfk d ex|hu1 Wkhuhiruh qrqh ri wkhvh htxloleuld fdq fruuhvsrqg wr frqyhqwlrqv1
Wkhuh duh/ krzhyhu/ vhpl0vwulfw wzr0vwhs htxloleuld1 Ohw % dqg 5 eh wzr doorzhg
elgv zlwk %	￿
￿/d q g5:2














'5cSE ' c +4,
dv looxvwudwhg lq Iljxuh 4+e,1 Lw lv lpphgldwh wkdw iru k 5i f c ￿
￿ c 2
￿ j / wkh dfwlrq
oEk'%lv wkh xqltxh xqgrplqdwhg ehvw uhso| wr SE1I r uo E ' 5 wr eh dovr wkh
xqltxh xqgrplqdwhg ehvw uhso|/ d ghyldwlrq e| w|sh k 'grzq wr % pxvw |lhog
ohvv h{shfwhg sd|r/ wkdw lv/ rqh pxvw kdyh ￿
2E  5n￿
eE  %n5
2  : ￿
eE  %/r u
%:D 5e 1 Olnhzlvh/ SEq lv reylrxvo| ehvw uhso| iru q 5i ￿
￿c2
￿c j /e x wi r uq'fwr





e5/r uD %:5 1 <
Vr/ xqghu wkh ixuwkhu uhvwulfwlrqv %:D 5e /d q gD %:5 / dovr lpso|lqj %:fdqg
;Zlwk rqo| wkh w|shv 3> 4
5> dqg 4/ dqg wkh jdph rwkhuzlvh wkh vdph/ wkhuh zrxog vwloo eh erwk
h!flhqw 50vwhs dqg lqh!flhqw 40vwhs htxloleuld/ exw rqo| wkh ￿uvw frxog eh vhpl0vwulfw1
<Hylghqwo|/ wkh odwwhu frqglwlrq pxvw dsshdu iurp wkh ￿uvw e| v|pphwu|= lq {A8 }￿7 / fkdqjh
{ wr 4 ￿ }/ dqg } wr 4 ￿ {/ dqg 8{A}uhvxowv1
4;5	 / wkh vwudwhjlhv irup d vhpl0vwulfw Ed|hvldq htxloleulxp/ dqg vxfk vwudwhjlhv
dozd|v h{lvw= mxvw vhw % ' ￿
￿f dqg 5 ' .
￿f1 Wkh rqo| uhdvrq wkhvh htxloleuld duh
qrw ixoo| vwulfw lv wkh suhvhqfh ri wkh uhgxqgdqw w|shv k 'f /d q gq' >r w k h u
w|shv sod| xqltxh ehvw uhsolhv1 Wkh wzr0vwhs htxloleuld duh qrw h!flhqw/ ehfdxvh li d
ex|hu ri w|sh k ' 2
￿ kdsshqv wr phhw d vhoohu ri w|sh q ' ￿
￿/w k hw z rz l o oq r ww u d g h
dffruglqj wr htxloleulxp ehkdylru/ dowkrxjk wkh| frxog gr vr wr pxwxdo ehqhw dw
dq| sulfh ehwzhhq wkhlu uhvhuydwlrq sulfhv143 Wkhuh duh dovr vrph htxloleuld lqyroylqj
wudgh dw wzr glhuhqw sulfhv zklfk duh qrw vhpl0vwulfw1 Iru lqvwdqfh/ wkhuh h{lvw sdluv
ri doorzhg elgv ixooolqj f 	%	￿
￿ 	+	2
￿/d q gv w u d w h j l h vo Ef ' f/ oE￿
￿'% /
o E 2
￿'o E ' +/d q gS Ef ' %/ SE￿
￿'+ /S E 2
￿'S E ' / wkdw irup dq htxloleulxp/
exw khuh wkh vhoohu ri w|sh q ' 2
￿ grhv qrw kdyh d xqltxh xqgrplqdwhg ehvw uhso|1
Ilqdoo|/ wkhuh duh vhpl0vwulfw wkuhh0vwhs htxloleuld1 Ohw wkuhh doorzhg elgv ixooo
%	￿
￿	+	2













'5cSE ' c +5,
dv looxvwudwhg lq Iljxuh 4+f,1 Xqghu vrph uhvwulfwlrqv wkhvh irup d vhpl0vwulfw htxl0
oleulxp1 Reylrxvo|/ wkh ex|hu w|shv k 5i f c ￿
￿jsod| ehvw uhsolhv1 Iru k ' 2
￿/l w








￿%  /r u
en %:b + 1 Vlploduo| rqh qgv wkdw wkh frqglwlrq iru 5 ehlqj vwulfwo| ehwwhu wkdq
+ iru w|sh k ' /l v+:2 5 1 Rqh grhv qrw kdyh wr fkhfn zkhwkhu d ghyldwlrq e|
k 'doo wkh zd| grzq wr % frxog sd|/ gxh wr dq reylrxv prqrwrqlflw| surshuw|=
kljkhu w|shv fdq rqo| kdyh kljkhu ehvw uhsolhv1 Vr/ li ghyldwlrq grzq wr % sd|hg
iru k ' / vr lw zrxog kdyh grqh k ' 2
￿1 E| v|pphwu| +lq wkh deryh frqglwlrqv
fkdqjh % wr   5/d q g5wr   %/d q g+wr   +,/ wkh frqglwlrq iru d vhoohu ri
w|sh q 'fwr vwulfwo| suhihu % wr + lv 2%:+ /d q gi r uq'￿
￿ wr vwulfwo| suhihu + wr
43Wkh suhvhqfh ri dq xqh{sorlwhg rssruwxqlw| ri wudgh lv qrw d ixoo surri ri lqh!flhqf|1 Rqh
kdv wr ghprqvwudwh wkh h{lvwhqfh ri ehwwhu vwudwhjlhv1 Fkdqjh wkh htxloleulxp vwudwhjlhv vr wkdw
u+5
6,@f + 4
6,@| / zkhuh 4
6 ?|?5
6/ wkh vwudwhjlhv ehlqj rwkhuzlvh wkh vdph1 Dw wkh qhz vwudwhjlhv/
ex|huv ri w|shv gl￿huhqw iurp ￿ @ 5
6 reylrxvo| jhw kljkhu ru wkh vdph h{shfwhg sd|r￿1 W|sh ￿ @ 5
6








6￿{ , /r u< |?7.6 { 1 Vlploduo|/ rqo| iru wkh
vhoohu w|sh ￿ @ 4









6,/r u< |A5.6}1 Xqghu wkh htxloleulxp uhvwulfwlrqv rq { dqg }/





<,/ dqg lq idfw wkh vhw P zloo dozd|v frqwdlq dq doorzhg elg zlwk wklv surshuw|1 Wkh
qhz vwudwhjlhv duh dw ohdvw dv jrrg dv wkh htxloleulxp vwudwhjlhv iru doo w|shv dqg vwulfwo| ehwwhu
iru vrph w|shv1









































type type used type
(a) (b) (c)
5 lv b+: 5n2 1 Djdlq/ gxh wr prqrwrqlflw| lq ehvw uhso| dv d ixqfwlrq ri w|sh
+dqg vlqfh vhoohu w|shv q 5i 2
￿c jreylrxvo| sod| ehvw uhsolhv,/ rqh grhv qrw kdyh wr
fkhfn ixuwkhu1 Wkh rewdlqhg uhvwulfwlrqv lpso| wkdw %:fdqg 5	 / dqg vwudwhjlhv
reh|lqj doo uhvwulfwlrqv h{lvw/ h1j1/ iru % ' ￿
￿fc+' ￿
2c5' .
￿f1 Wkhvh vwudwhjlhv irup d
vhpl0vwulfw Ed|hvldq htxloleulxp zklfk lv dovr ixoo| vwulfw h{fhsw iru wkh uhgxqgdqw
w|shv1 Lw jrhv zlwkrxw surri wkdw wkh wkuhh0vwhs htxloleuld duh h!flhqw1 Zh kdyh
hvwdeolvkhg/
Sursrvlwlrq 51 Wkhuh duh h{dfwo| wkh iroorzlqj vhpl0vwulfw Ed|hvldq htxloleuld
ri wkh frqvlghuhg jdph= Wzr0vwhs htxloleuld jlyhq e| wkh vwudwhjlhv lq +4, +dv lo0




D%:5dqg %:D 5e c +6,
dqg wkuhh0vwhs htxloleuld jlyhq e| wkh vwudwhjlhv lq +5, +dv looxvwdwhg lq Iljxuh 4+f,,/




en %:b +dqg +:2 5dqg 2%:+dqg b+: 5n2 1+ 7 ,
Doo wkh wzr0vwhs htxloleuld duh lqh!flhqw/ zkhuhdv doo wkh wkuhh0vwhs htxloleuld duh
h!flhqw1
Lq rxu vlpsoh uhsuhvhqwdwlrq ri wkh elodwhudo prqrsro| zlwk lqfrpsohwh lqirupd0
wlrq wkh glvwlqfwlrq ehwzhhq htxloleuld wkdw duh vhfrqg0ehvw dqg htxloleuld wkdw duh
qrw vhfrqg0ehvw/ wdnhv wkh vkdus irup ri d glvwlqfwlrq ehwzhhq ixoo| h!flhqw dqg
lqh!flhqw htxloleuld/ zklfk lv frqyhqlhqw1 Hvvhqwldoo| wklv lv ehfdxvh zh kdyh rqo|
ihz w|shv1
Iru wkh hyroxwlrqdu| ohduqlqj surfhvv ghqhg lq Vhfwlrq 6 lw vhhpv qdwxudo wr
vshfli| 6k ' 6q ' 6/d q g& k'& q'&iru doo kcq/z k h u h&6 / ehfdxvh ri
wkh v|pphwu| ri wkh jdph1 Wkh xvxdo dvvxpswlrq ri qrw wrr pxfk vdpsolqj/ olnh
&	6 * lq Wkhruhp 4/ frqwulexwhv wr dyrlg f|folfdo ehkdylru ri wkh edvlf ohduqlqj
surfhvv f/ dqg khqfh wr hvwdeolvk frqyhujhqfh wr d frqyhqwlrq1 Zh gr qrw qhhg
vxfk d uhvwulfwlrq khuh/ vlqfh wkh suhvhqfh ri wkh uhgxqgdqw w|shv k 'fdqg q ' /
hvvhqwldoo| grhv wkh vdph dqg holplqdwhv f|folfdo ehkdylru ri f144
Rxu lqwhuhvw lv lq wkh shuwxuehg ohduqlqj surfhvv 0/j l y h qe |d q0:f /i r u
0vpdoo1 Vlqfh zh xvh wkh jhqhudo ghqlwlrq ri 0 wr wkh sduwlfxodu jdph vwxglhg
khuh/ d frqvhtxhqfh lv/ dv glvfxvvhg lq Vhfwlrq 615/ wkdw lq wkh 00hyhqwxdolw| ri d
wuhpeoh/ doo elgv/ lqfoxglqj wkh grplqdwhg/ kdyh srvlwlyh suredelolw|1 Wklv pd|
eh sureohpdwlf iru vrph lqwhusuhwdwlrqv ri wkh wuhpeolqj1 Lq wkh frpsohwh surri ri
Wkhruhp 4 zh wkhuhiruh vkrz wkdw xqghu wkh dowhuqdwlyh dvvxpswlrq/ wkdw wuhpeolqj
fdq rqo| eh wr elgv rq wkh uljkw vlgh ri d sod|hu*v uhvhuydwlrq sulfh/ wkh wkhruhp
vwloo krogv1
D vwdwh  qrz frqvlvwv ri irxu uhfrugv k dqg irxu uhfrugv q/ hdfk ehlqj d olvw
44Lw lv rshq iru glvfxvvlrq/ li wkh uhgxqgdqw w|shv vkrxog eh suhvhqw lq dq dssursuldwh irupdo0
l}dwlrq ri wkh elodwhudo prqrsro| zlwk xqfhuwdlqw| derxw rssrqhqwv* uhvhuydwlrq sulfhv1 Zh kdyh
lqfoxghg wkhp khuh wr suhvhuyh wkh ixoo v|pphwu| iurp wkh jdph zlwk d frqwlqxxp ri w|shv1
Krzhyhu/ d ex|hu ri w|sh ￿ @3 / iru lqvwdqfh/ grhv qrw uhdoo| zdqw wr ex| iurp dq| suhvhqw w|sh
ri vhoohu1 Wkh lvvxh lv zkhwkhu lw frxog kdsshq lq d ￿uhdolvwlf￿ ghvfulswlrq ri wkh wudgh vlwxdwlrq/
wkdw lq dq hqfrxqwhu d vhoohu grhv qrw uhdoo| phhw dq rssrqhqw/ khuh uhsuhvhqwhg e| phhwlqj w|sh
￿ @3 / dqg wkhuhiruh ￿elgv rxw lq wkh rshq dlu￿/ vr wr vd|1 Zh wklqn wkdw lq vrph vlwxdwlrqv wkdw
frxog kdsshq/ dqg lq rwkhuv qrw1 Wkhuhiruh/ lq wkh frpsohwh surri ri Sursrvlwlrq 6 ehorz vwdwlqj
frqyhujhqfh wr d frqyhqwlrq zh ghprqvwudwh wkdw dovr zlwkrxw wkh uhgxqgdqw w|shv/ rqh zrxog
vwloo kdyh frqyhujhqfh wr d frqyhqwlrq surylghg n?p
51 Lw iroorzv wkdw wkh htxloleulxp vhohfwlrq
ghvfulehg lq Wkhruhp 5 zrxog/ xqghu wkhvh dowhuqdwlyh flufxpvwdqfhv/ dovr eh wkh vdph1
54ri wkh elgv iurp  revhuyhg wkh odvw 6 wlphv wkh w|sh lq txhvwlrq zhuh slfnhg
iru dfwxdo sod| ri wkh jdph1 Hdfk vhpl0vwulfw Ed|hvldq htxloleulxp oEcSEghqhv
wkh frqyhqwlrq zlwk frqvwdqw uhfrugv k 'E o E k  ccoEk iru hdfk k/d q g q '
E S E q  ccSEq iru hdfk q/ dqg wkhuh duh qr rwkhu frqyhqwlrqv wkdq wkh vr ghqhg>
wkhuh lv d rqh0wr0rqh fruuhvsrqghqfh ehwzhhq frqyhqwlrqv dqg vhpl0vwulfw htxloleuld1
Wklv lv mxvw d uhshwlwlrq ri jhqhudo surshuwlhv ghvfulehg lq Vhfwlrq 61 D vwdwh fdq
dovr fruuhvsrqg wr dq htxloleulxp wkdw lv qrw vhpl0vwulfw/ li lw kdv frqvwdqw uhfrugv
rqo| olvwlqj dfwlrqv lq dffrugdqfh zlwk wkh htxloleulxp/ exw vxfk d vwdwh lv qrw d
frqyhqwlrq1
Sursrvlwlrq 61 Wkh edvlf ohduqlqj surfhvv frqyhujhv wr d frqyhqwlrq1
Ohw W eh wkh frqyhqwlrq wkdw fruuhvsrqgv wr wkh sduwlfxodu wzr0vwhs htxloleulxp
jlyhq e| +4, zlwk % ' ￿
e/d q g5'￿
e> iurp Sursrvlwlrq 4/ wklv lv lqghhg d vhpl0vwulfw
htxloleulxp dv orqj dv   21
Wkhruhp 51 Wkh frqyhqwlrq W lv vwrfkdvwlfdoo| vwdeoh1 Li ? dqg & duh vx!0
flhqwo| odujh/ wkhq W lv wkh rqo| vwrfkdvwlfdoo| vwdeoh vwdwh1
Lq zrugv Wkhruhp 5 vd|v= Li frqyhqwlrqdo ehkdylru hyroyhv judgxdoo| dv ghvfulehg
e| wkh hyroxwlrqdu| ohduqlqj surfhvv zlwk vpdoo wuhpeolqj suredelolw| 0/d q gw k h u h
lv qrw wrr olwwoh vdpsolqj +ru wrr ihz doorzhg elgv,/ wkhq wkh rqo| ehkdylru wkdw zloo
eh revhuyhg iuhtxhqwo| lq wkh orqj uxq lv ehkdylru lq dffrugdqfh zlwk wkh lqh!flhqw
wzr0vwhs htxloleulxp jlyhq e| % ' ￿
e dqg 5 ' ￿
e1
Wkdw frqyhqwlrqdo ehkdylru lv lq dffrugdqfh zlwk d vlpsoh/ lqh!flhqw htxlole0
ulxp zlwk foxvwhuhg elgv kdv rqo| ehhq ghprqvwudwhg iru wkh yhuvlrq ri wkh jdph
zlwk irxu w|shv/ wkuhh ri zklfk duh qrq0uhgxqgdqw1 Reylrxvo| d uhvxow iru d yhuvlrq
zlwk A qrq0uhgxqgdqw xqlirupo| glvwulexwhg w|shv zrxog eh pruh jhqhudo dqg wkhuh0
iruh wr suhihu/ exw dovr h{wuhpho| gl!fxow wr ghulyh145 Iurp wkh suhvhqw Wkhruhp
5/ krzhyhu/ rqh fdq vdiho| frqfoxgh wkdw li wkh xqfhuwdlqw| ri wkh wudglqj vlwxdwlrq
lv surshuo| irupdol}hg e| rqo| d ihz w|shv/ dqg revhuyhg ehkdylru lv frqyhq0
wlrqdo/ wkhq wkhuh lv qr uhdvrq wr h{shfw wkh rxwfrph ri wkh frqvlghuhg wudglqj
45Wkh jdph zh frqvlghu lv txlwh frpsolfdwhg dv lw lv1 Lw frqwdlqv wkh nlqg ri htxloleulxp
pxowlsolflw| lq elgv nqrzq iurp wkh Qdvk ghpdqg jdph/ iru zklfk \rxqj +4<<6e, fkdudfwhul}hv
frqyhqwlrqdo ehkdylru lq dq hohjdqw/ exw dovr ohqjwk| surri1 Lq dgglwlrq lw frqwdlqv wkh pxowlsolflw|
lq elg foxvwhulqj ruljlqdwlqj iurp lqfrpsohwh lqirupdwlrq1
55phfkdqlvp wr eh h!flhqw +ru vhfrqg0ehvw,1 Zh wklqn wklv lv ri uhohydqfh1 Qrwh lq
sduwlfxodu/ wkdw wkh vlpsoh jdph frqvlghuhg khuh lv qrw d vshfldo fdvh ri wkh jdph
zlwk d frqwlqxxp ri w|shv xqlirupo| glvwulexwhg ryhu wkh xqlw lqwhuydo1 Ghvslwh lwv
vlpsolflw| lw pd| zhoo dssur{lpdwh wkh xqfhuwdlqw| lq dfwxdo wudgh vlwxdwlrqv ehwwhu
wkdq wkh irupdol}dwlrq zlwk d frqwlqxxp ri w|shv1
Wkhruhp 5 lv d vwdwhphqw rq wkh olplw ehkdylru wkdw zloo eh revhuyhg dv 0 $ f/
li ? dqg & duh vx!flhqwo| odujh1 Rqh pd| uljkwixoo| zrqghu/ li wkhuh lv rqo| d
uhdvrqdeoh ghjuhh ri suhflvlrq lq wkh suhglfwlrq srlqwhg wr e| Wkhruhp 4 iru h{wuhph
ydoxhv ri 0/ ?/d q g& 1 Zh wkhuhiruh shuiruphg d vlpxodwlrq zlwk prghudwh sdudphwhu
ydoxhv zklfk uhmhfwv wklv vxvslflrq146 W k hj d p hv w x g l h gl qw k hv l p x o d w l r ql vd v






1 Wklv lv wkh vhfrqg0vpdoohvw v|pphwulf vhw
wkdw lqfoxghv wkh elgv ￿
e dqg ￿
e1 Iru wkh ohduqlqj surfhvv zh xvhg & ' 6 'D /d q g
0' I 1 Wkh lwhudwlrqv zhuh vwduwhg lq wkh frqyhqwlrq fruuhvsrqglqj wr wkh wkuhh0
vwhs htxloleulxp % ' ￿
ec+ ' ￿
2c5 ' ￿
e1 Iurp wkh surri ri Wkhruhp 5/ wklv lv/ vr wr
vd|/ wkh forvhvw wkuhh0vwhs frpshwlwru wr W1 Frqwuro vlpxodwlrqv uhyhdohg/ krzhyhu/
wkdw rqh jhwv doprvw wkh vdph jxuhv li rqh vwduwv wkh lwhudwlrqv lq W lwvhoi1 Wkh
lwhudwlrqv zhqw rq xqwlo vhyhudo mxpsv iurp frqyhqwlrqv fruuhvsrqglqj wr wzr0vwhs
htxloleuld wr frqyhqwlrqv fruuhvsrqglqj wr wkuhh0vwhs htxloleuld/ dqg ylfh yhuvd/ kdg
rffxuuhg1 Wkh surjudp frxqwv wkh qxpehu ri vwhsv zkhuh wkh vwdwh lv h{dfwo| htxdo
wr W1 Krzhyhu/ wklv xqghuhvwlpdwhv krz riwhq wkh surfhvv lv uhdoo| dw wkh wzr0
vwhs htxloleulxp1 Rffdvlrqdoo| wuhpeohv rffxu zklfk zloo lq wkh vxevhtxhqw urxqgv
sdvv wkurxjk wkh uhfrugv zlwkrxw pdnlqj wkhvh hvvhqwldoo| glhuhqw iurp W1W k h
surjudp wkhuhiruh dovr frxqwv wkh qxpehu ri urxqgv lq zklfk wkh vwdwh lv vxfk wkdw
wkh ehvw uhsolhv ri doo w|shv duh wkh vdph dv lq vwdwh W1 Ilqdoo| wkh surjudp frxqwv
wkh qxpehu ri urxqgv lq zklfk ehvw uhsolhv duh dv lq vrph wkuhh0vwhs htxloleulxp1
Wkh uhvxowv duh wkdw lq :4( ri wkh wlph wkh vwdwh lv h{dfwo| W/ dqg lq <:( ri wkh
wlph sod| jhqhudwhg e| wkh vwdwh lv +ehvw uhsolhv duh, dv lq W1 Lq 316:( ri wkh wlph
wkh vwdwh zloo jhqhudwh sod| dffruglqj wr d wkuhh0vwhs htxloleulxp1 Wkh frqfoxvlrq
lv wkdw dovr iru prghudwh ydoxhv ri 0c?c dqg &/ sod| zloo prvw ri wkh wlph fruuhvsrqg
wr wkh wzr0vwhs htxloleulxp zlwk % ' ￿
e dqg 5 ' ￿
e1
46Wkh JDXVV0surjudpph xvhg iru wkhvh vlpxodwlrqv lv dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1
569F r q f o x v l r q v
Wkh hyroxwlrqdu| ohduqlqj surfhvv zh kdyh vwxglhg lv phdqw wr irupdol}h wkh ylhz
wkdw djhqwv lqyroyhg lq vwudwhjlf frq lfwv h{shfw wkhlu rssrqhqwv wr dfw pruh ru
ohvv dv wkh| xvxdoo| gr lq lghqwlfdo ru vlplodu frq lfwv dqg wkhuhiruh wkh| irup
frqmhfwxuhv rq rssrqhqwv iurp uhfrugv ri sdvw sod|1 Wkh| lqwhqg sulpdulo| wr wdnh
dfwlrqv wkdw duh ehvw jlyhq vxfk frqmhfwxuhv/ exw zlwk vpdoo suredelolw| wkh| wdnh
pruh ru ohvv duelwudu| dfwlrqv shukdsv wr whvw li wkh| duh uljkw lq wkh suhvxpswlrq
wkdw dowhuqdwlyh dfwlrqv jlyh srruhu uhvxowv1
Zh kdyh vkrzq lq jhqhudo krz wklv ylhz pd| lpso| +l, vxssruw iru wkh qrwlrq
ri Ed|hvldq htxloleulxp/ vlqfh wkh ohduqlqj surfhvv pd| zhoo jhqhudwh sod| lq df0
frugdqfh zlwk wkh jdph*v +vhpl0vwulfw, Ed|hvldq htxloleuld prvw ri wkh wlph/ dqg
+ll, vhohfwlrq dprqj pxowlsoh Ed|hvldq htxloleuld/ vlqfh wkh ohduqlqj surfhvv pd|
zhoo jhqhudwh sod| lq dffrugdqfh zlwk rqh sduwlfxodu 0 ru zlwk vhyhudo/ exw dolnh 0
Ed|hvldq htxloleuld prvw ri wkh wlph1
Iru wzr vshflf lqfrpsohwh lqirupdwlrq jdphv ri hfrqrplf lqwhuhvw zh kdyh
vkrzq wkdw +l, dqg +ll, duh lqghhg wuxh dqg zh kdyh irxqg wkh vhohfwhg htxloleuld1
Lw wxuqhg rxw wkdw htxloleulxp vhohfwlrq e| hyroxwlrqdu| ohduqlqj xqghu lqfrpsohwh
lqirupdwlrq frxog zhoo eh lq idyru ri htxloleuld wkdw duh lqh!flhqw dv frpsduhg wr wkh
htxloleuld wkdw duh frxqwhusduwv ri htxloleuld rffxuulqj xqghu frpsohwh lqirupdwlrq1
E| rxu dqdo|vhv ri wkh vshflf jdphv zh krsh wr kdyh frqylqfhg rxu uhdghuv
wkdw hyroxwlrqdu| ohduqlqj lv dq lpsruwdqw lqvwuxphqw erwk iru vxssruw ri Ed|hvldq
htxloleulxp/ dqg iru vhohfwlrq dprqj Ed|hvldq htxloleuld1 Rqh vkrxog/ krzhyhu/ dovr
eh dzduh ri wkh olplwdwlrqv ri wklv lqvwuxphqw1 Frqvlghulqj d jdph dqg vshflfd0
wlrqv ri wkh ohduqlqj surfhvv wkdw pdnh +l, dqg +ll, krog/ zh wklqn wkdw wkh pdlq
olplwdwlrqv duh= Zkdwhyhu kdv ehhq rewdlqhg lq whupv ri +l, dqg +ll, deryh/ kdv
rqo| ehhq rewdlqhg iru vlwxdwlrqv ri uhfxuuhqw sod|/ dqg kdv rqo| ehhq rewdlqhg iru
vlwxdwlrqv zkhuh wkh w|shv dqg wkhlu suredelolwlhv kdyh d sk|vlfdo phdqlqj lq whupv
ri vxeglylvlrqv ri sod|hu srsxodwlrqv1
Iru wkh uvw ri wkhvh olplwdwlrqv zh qrwh wkdw wklv lv mxvw dv wkh vxssruw ri Qdvk
htxloleulxp/ dqg vhohfwlrq dprqj pxowlsoh Qdvk htxloleuld/ rewdlqhg lq zrun vxfk dv
\rxqj +4<<6d, dqg Ndqgrul/ Pdodlwk/ dqg Ure +4<<6,> lw rqo| shuwdlqv wr vlwxdwlrqv
ri uhfxuuhqw sod|1
57Iru wkh vhfrqg zh qrwh wkdw li wklv lv douhdg| wkh zd| rqh wklqnv derxw w|shv/
hwf1/ wkhuh lv qr uhdo olplwdwlrq khuh1 Krzhyhu/ riwhq wkh w|shv duh phdqw wr ghvfuleh
d sxuho| vxemhfwlyh xqfhuwdlqw|1 Wkhuh lv uhdoo| rqo| rqh w|sh ri hdfk sod|hu/ dqg wkh
glhuhqw w|shv ri d sod|hu uhsuhvhqw wkh xqfhuwdlqw| lq wkh khdg ri wkh rssrqhqwv1
Lq fdvhv zkhuh wklv lv wkh dssursuldwh lqwhusuhwdwlrq ri w|shv rxu dqdo|vlv fdqqrw eh
xvhg wr prwlydwh Ed|hvldq htxloleuld ru vhohfwlrq dprqj pxowlsoh vxfk htxloleuld1 Lq
wkdw fdvh/ krzhyhu/ lw lv shukdsv qrw dw doo fohdu zk| rqh vkrxog h{shfw wr revhuyh
ehkdylru lq dffrugdqfh zlwk Ed|hvldq htxloleulxp1
58D Surriv
Surri ri Wkhruhp 41 Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv duh wkh frqyhqwlrqv zlwk
plqlpdo vwrfkdvwlf srwhqwldo1 Zh qg wkh vwrfkdvwlf srwhqwldov iru doo wkuhh frq0
yhqwlrqv e| v|vwhpdwlfdoo| frpsxwlqj wkh uhvlvwdqfhv lq doo wudqvlwlrqv iurp rqh
frqyhqwlrq wr dqrwkhu1
Iluvw frqvlghu wkh wudqvlwlrq iurp EMMc(( wr E(Mc(M1 Reylrxvo|/ wkh zd|
wr gr wklv wudqvlwlrq wkdw uhtxluhv wkh ihzhvw wuhpeohv/ wkh fkhdshvw zd|/ lv hlwkhu
e| sod|hu 4 w|sh *k wuhpeolqj wr (/ wkxv iru srvvleoh vdpsolqj fkdqjlqj wkh ehvw
uhso| ri sod|hu 5 w|sh q wr M/r ue |s o d | h u5w | s hqwuhpeolqj wr M/ wkxv fkdqjlqj
wkh ehvw uhso| ri sod|hu 4 w|sh *k wr (1 Dvvxph Sod|hu 4 ri w|sh *k pdnhv ,
wuhpeohv wr (/w k d wl v /w | s h *k lv slfnhg lq , frqvhfxwlyh urxqgv dqg sod|v ( lq
doo ri wkhp/ zkhuh ,  &1I r u d s o d | h u 5 r i w | s h q / zkr vdpsohv doo , ri wkh (v














Wklv qxpehu ri plvwdnhv lv lqghhg vx!flhqw wr jhw doo wkh zd| iurp EMMc(( wr
E(Mc(M= Dffruglqj wr wkh edvlf ohduqlqj surfhvv/ wkhuh lv srvlwlyh suredelolw|
wkdw lq hdfk ri wkh & urxqgv iroorzlqj wkh , wuhpeohv/ sod|hu 4 lv ri w|sh k/v r ￿ *k
lv xqfkdqjhg dqg frqwdlqv wkh , wlphv (/d q gs o d | h u5l vr iw | s hqd q gl qd o o&
urxqgv vdpsohv doo , ri wkh (vi u r p ￿ *k/ dqg khqfh sod|v M lq doo & urxqgv1 Wklv
zloo judgxdoo| lqvhuw & wlphv M lq q1 Wkh slfnhg sod|hu 4v ri w|sh k zloo zlwk
srvlwlyh suredelolw| dffruglqj wr f kdyh sod|hg M lq doo & urxqgv +wkh| pd| qrw
kdyh vdpsohg dq| Mvi u r p q ,1 Diwhu wklv q frqwdlqv & wlphv M1Q r z l w k d v /
dffruglqj wr wkh edvlf ohduqlqj surfhvv/ srvlwlyh suredelolw| wkdw lq hdfk ri wkh qh{w
6 urxqgv sod|hu 4 lv ri w|sh *k dqg vdpsohv & wlphv M iurp q/z k l f kj l y h vk l p




2E 	 f,/ zkloh sod|hu 5 lv ri w|sh q/ dqg doo wkh wlph
vdpsohv dw ohdvw , wlphv ( iurp ￿*k/ dqg khqfh sod|v M1 Qrwh wkdw lq wkhvh 6
urxqgv/ zkhq vrph ri wkh rog (vj rr x wr i ￿ *k/q h z( v duh lqvhuwhg/ dqg zkhq
vrph ri wkh rog Mvj rr x wr i q/q h zM v duh lqvhuwhg/ zklfk pdnhv lw srvvleoh wkdw
ehvw uhsolhv iru srvvleoh vdpsolqj frqwlqxhv wr eh ( iru w|sh *k/d q gMiru w|sh
q/ gxulqj doo 6 urxqgv1 Wkhq wkh frqyhqwlrq E(Mc(M kdv ehhq uhdfkhg zlwkrxw
dq| ixuwkhu wuhpeolqj1
59Qrz dvvxph Sod|hu 5 w|sh q pdnhv , wuhpeohv wr M1L is o d | h u4w | s h *k vdpsohv


















Diwhu wkhvh , wuhpeohv lw kdv/ mxvw dv deryh/ srvlwlyh suredelolw| dffruglqj wr wkh
edvlf surfhvv wr uhdfk E(Mc(M +uvw & u r x q g vz l w kw | s h v *k dqg *q hqwhulqj/
d q gw k h ql q6urxqgv zlwk w|shv *k dqg q,1
Vr/ wkh uhvlvwdqfh lq wkh wudqvlwlrq iurp EMMc(( wr E(Mc(M lv/47







E| v|pphwu| lw iroorzv wkdw 4((cMM<(Mc(M '4  ? i 2
k n￿&c 2
qn￿&j/ zklfk lv wkh vdph1
Qh{w zh frqvlghu wkh wudqvlwlrq iurp E(Mc(M wr EMMc((1L w l v d j d l q
h y l g h q ww k d ww k l vl vp r v wf k h d s o |e u r x j k wd e r x wh l w k h ue |w u h p e o l q jr iw | s h *k ri
sod|hu 4/ ru ri w|sh q ri sod|hu 51 Dvvxph sod|hu 4 w|sh *k wuhpeohv , wlphv wr M1














Djdlq lw fdq eh vkrzq wkdw diwhu wkhvh , wuhpeohv lw kdv/ dffruglqj wr wkh edvlf
surfhvv/ srvlwlyh suredelolw| wr jr doo wkh zd| wr EMMc(( +uvw & urxqgv zlwk
w|shv k dqg q hqwhulqj/ dqg wkhq 6 urxqgv zlwk w|shv *k dqg q,1
Qrz dvvxph sod|hu 5 w|sh q wuhpeohv , wlphv wr (1 Wkh ehvw uhso| ri sod|hu 4


















Djdlq/ diwhu wkhvh , wuhpeohv lw kdv/ dffruglqj wr wkh edvlf surfhvv/ srvlwlyh sured0
elolw| wr jr doo wkh zd| wr EMMc((1V r /







47Qrwh wkdw khuh/ dqg lq zkdw iroorzv/ zh duh ljqrulqj dq lqwhjhu sureohp= Wkh uhvlvwdqfh lv
uhdoo| wkh vpdoohvw lqwhjhu zklfk lv +zhdno|, deryh hlwkhu 5
￿.4n ru 5
￿.4n1 Lw lv ehfdxvh ri wkh
dvvxpswlrq ri ￿n vx!flhqwo| odujh￿ wkdw wklv zloo fdxvh qr huuru +li d uhvlvwdqfh dv gh￿qhg khuh lv
vpdoohu wkdq dqrwkhu rqh/ wkhq lw zloo dovr eh vpdoohu dffruglqj wr wkh fruuhfw gh￿qlwlrq li rqo| n
lv odujh hqrxjk,1




Ilqdoo| zh frqvlghu wkh wudqvlwlrq iurp EMMc(( wr E((cMM +dqg ylvd
yhuvd,1 Lw lv hylghqw wkdw li wklv wudqvlwlrq lv wr eh lqlwldwhg e| wuhpeohv ri sod|hu
4/ wkhq lw lv rewdlqhg prvw fkhdso| li lw lv w|sh k zkr grhv lw= Wuhpeolqj e| w|sh
*k dqg k duh htxdoo| hhfwlyh lq pdnlqj M ds r v v l e o he h v wu h s o |i r us o d | h u5 /p r v w
hdvlo| vr iru w|sh q +wkh sd|rv ri sod|hu 5 gr qrw ghshqg rq wkh w|shv ri sod|hu 4/
dqg wkhvh w|shv kdyh wkh vdph suredelolw|,1 Krzhyhu/ zkhq wklv kdv rffxuuhg dqg
q kdv ehfrph ixoo ri Mv /w k h qw k hr q o |s r v v l e o he h v wu h s o |r is o d | h u4w | s h *k lv
(/v r ￿ *k lv oohg xs zlwk (v dw qr ixuwkhu frvw/ vr lw fdq rqo| zrun wr pdnh wkh
wudqvlwlrq fkhdshu wkdw wkh (v /w k d wr f f x ue h f d x v hr iw u h p e o l q j /d u hw re hi r x q gl q
 k1
Vr/ dvvxph wkdw iurp EMMc((/s o d | h u4w | s hkpdnhv , wuhpeohv wr (1I u r p
+8, wkh ehvw uhso| iru sod|hu 5 w|sh q zloo kdyh fkdqjhg wr M iru srvvleoh vdpsolqj
li ,  2
qn￿&1 Diwhu wkhvh , wuhpeohv lw kdv/ dffruglqj wr wkh edvlf surfhvv/ srvlwlyh
suredelolw| wkdw lq hdfk ri wkh qh{w 26 u r x q g vw k hw | s h vd u h ￿
k dqg q/v r kgrhv
qrw fkdqjh/ dqg wkh vdpsohv gudzq iurp wklv uhfrug frqwdlq lq hdfk urxqg doo , ri
wkh (v/ vr hdfk sod|hu 5 ri w|sh q sod|v M1D i w h uw k h u v w6urxqgv q ' M/z k l f k
pdnhv ( w k hr q o |s r v v l e o he h v wu h s o |i r us o d | h u4w | s h *k/v rd i w h uw k hq h { w6
urxqgv dovr ￿*k ' (1
Qrz vxssrvh d w|sh *q ri sod|hu 5 lv gudzq1 Zlwk srvlwlyh suredelolw| wkh
vdpsoh gudzq iurp k zloo frqwdlq doo , ri wkh (v lq lw1 Lq wkdw fdvh wkh ehvw uhso|












: f1 Lw lv douhdg| uhtxluhg wkdw
,  2
qn￿&1 E| lqvhuwlqj wklv qxpehu ri wuhpeohv zh qg wkdw lw dovr vx!fhv iru wkh
qrz frqvlghuhg ehvw uhso| vkliw h{dfwo| li q
2 n2 qnf /w k d wl v /l iq 1
Wkhuhiruh uvw frqvlghu wkh fdvh q  1 Lw wkhq kdv/ dffruglqj wr wkh edvlf
surfhvv/ srvlwlyh suredelolw| wkdw lq hdfk ri wkh qh{w 6 urxqgv wkh w|shv duh *k
dqg *q/ dqg wkdw/ vlqfh douhdg| q ' M/ doo wkh sod|hu 4v ri w|sh *k sod| (/
nhhslqj ￿*k xqfkdqjhg/ dqg doo wkh sod|hu 5v ri w|sh *q sod| M/ vr diwhu wkhvh
urxqgv ￿*q ' M1 Ilqdoo|/ zlwk srvlwlyh suredelolw| wkh w|shv k dqg q duh gudzq
lq wkh qh{w 6 urxqgv/ dqg vlqfh qrz ￿*q ' q ' M/ zlwk srvlwlyh suredelolw| doo
wkh sod|hu 4v ri w|sh k zloo sod| (/ zklfk fdq rqo| zrun wr nhhs M de h v wu h s o |i r u
sod|hu 5v ri w|sh q/ vr doo ri wkhvh sod| M1 Wkh vwdwh zloo wkhq eh wkh frqyhqwlrq
E((cMM1V r /z k h qq /r q o |w k h 2
q n￿& wuhpeohv duh uhtxluhg iru wudqvlwlrq1
5;Wkhq frqvlghu wkh fdvh q: 1 Ixuwkhu wuhpeolqj lv uhtxluhg1 Wkhuh duh wzr
srvvlelolwlhv= hlwkhu w|sh k ri sod|hu 4 wuhpeohv ixuwkhu vxfk wkdw wkh ehvw uhso| iru
w|sh *q ri sod|hu 5 grhv vkliw wr M +iru srvvleoh vdpsolqj,/ ru w|sh *q wuhpeohv
vxfk wkdw wkh ehvw uhso| iru w|sh k fkdqjhv wr (1
L qw k h u v wf d v h /j l y h qw k d wd o u h d g | ￿ *k ' (/ wkh wrwdo qxpehu ri (vu h t x l u h g


















Li wklv zhuh wkh +odujhu, qxpehu ri wuhpeohv uvw pdgh e| w|sh k/w k h qm x v wd vd e r y h
zh zrxog zlwk srvlwlyh suredelolw| uvw ryhu 26 urxqgv jhw ￿*k ' ( dqg q ' M/
dqg wkhq/ lq wkh vdph zd| dv iru q  / ryhu wkh qh{w 26 dovr jhw ￿*q ' M dqg




Lq wkh vhfrqg fdvh/ wkh ehvw uhso| fkdqjhv wr ( iru w|sh k ri sod|hu 4/ li sod|hu 5








2E  f/r u,k 3 ￿
k n￿&1
E| d vlplodu dujxphqw dv deryh rqh fdq yhuli| wkdw diwhu wkhvh ixuwkhu wuhpeohv
wkhuh lv srvlwlyh suredelolw| dffruglqj wr wkh edvlf surfhvv ri uhdfklqj wkh frqyhqwlrq







Zh kdyh qrz vkrzq wkdw li wudqvlwlrq iurp EMMc(( wr E((cMM lv wr eh
lqlwldwhg e| wuhpeolqj ri sod|hu 4/ wkhq li q  / wkh qxpehu ri wuhpeohv uhtxluhg
lv dv jlyhq e| +8,/ zkhuhdv li q: / lw lv wkh plqlpxp ri wkh h{suhvvlrqv lq +<, dqg
+43,1
Li wkh wudqvlwlrq lv wr eh lqlwldwhg e| wuhpeolqj ri sod|hu 5/ wkh wuhpeolqj vkrxog
eh grqh e| w|sh *q wr pdnh wkh wudqvlwlrq fkhdshvw +vlqfh lw lv pruh hdv| wr pdnh
w|sh q sod| M e| ehvw uhso|,1 Vr/ dvvxph wkdw sod|hu 5 w|sh *q pdnhv , wuhpeohv wr
M1 Wkhq iurp +9,/ wkh ehvw uhso| iru sod|hu 4 w|sh *k zloo +iru srvvleoh vdpsolqj,
kdyh fkdqjhg wr ( li ,  2
kn￿&
Dv deryh lw qrz kdv srvlwlyh suredelolw| dffruglqj wr f wr uhdfk d vwdwh zlwk
￿*k ' (/ k ' M/ q ' M/d q gl q ￿ *q wkh , hqwulhv ri M duh vwloo wkhuh +diwhu 26
urxqgv zlwk w|shv *k dqg q,1 Qrz +dv zlwk q   deryh,/ li k   wkhq iru srvvleoh
5<vdpsolqj/ ( zloo eh d ehvw uhso| dovr iru w|sh k ri sod|hu 4/ dqg +vwloo dv deryh,
rqh fdq frqvwuxfw d vhtxhqfh ri srvlwlyh suredelolw| hyhqwv ohdglqj doo wkh zd| wr
E((cMM1L ik: / pruh wuhpeolqj lv uhtxluhg1 +Vwloo dv deryh,/ wklv fdq hlwkhu
eh ixuwkhu wuhpeolqj wr M e| sod|hu 5 w|sh *q/z k l f kgrhv pdnh ( ds r v v l e o he h v w
uhso| iru sod|hu 4 w|sh k/ wkh wrwdo qxpehu ri wuhpeohv +lqfoxglqj erwk lqlwldo dqg













ru lw fdq eh wuhpeolqj wr ( e| sod|hu 4 w|sh k xqwlo M ehfrphv d srvvleoh ehvw






















wuhpeohv duh qhhghg1 Lq erwk fdvhv wkhuh zloo/ diwhu wkh dgglwlrqdo wuhpeolqj/ eh
wudqvlwlrq doo wkh zd| wr E((cMM zlwk srvlwlyh suredelolw| dffruglqj wkh edvlf
surfhvv1
Zh kdyh qrz vkrzq wkdw li wudqvlwlrq iurp EMMc(( wr E((cMM lv wr eh
lqlwldwhg e| wuhpeolqj ri sod|hu 5/ wkhq li k  / wkh qxpehu ri wuhpeohv uhtxluhg
lv dv jlyhq e| +9,/ zkhuhdv li k: / lw lv wkh plqlpxp ri wkh h{suhvvlrqv lq +44,
dqg +45,1
Wkh uhvlvwdqfh lq wkh wudqvlwlrq iurp EMMc(( wr E((cMM lv wkh plqlpxp
ryhu wkh qxpehuv ri wuhpeohv uhtxluhg iru wudqvlwlrq zkhq wuhpeolqj lv uvw grqh
e| sod|hu 4/ dqg zkhq lw lv uvw grqh e| sod|hu 51 Vr/
4MMc((<((cMM ' & 
;
A A A ?
A A A =
4?i 2
kn￿c 2





















qn￿j li k: cq:
zklfk lv htxlydohqw wr/
4MMc((<((cMM ' & 
;
A A A ?
A A A =
4?i 2
kn￿c 2
qn￿j li k  cq
4?ik3￿
kn￿c 2








qn￿j li k: cq:
63Iurp v|pphwu| zh jhw e| shupxwlqj k dqg q lq wkh h{suhvvlrq deryh wkdw 4((cMM<MMc(( '
4MMc((<((cMM
Lq wkh iroorzlqj zh dvvxph zorj1 wkdw k  q +djdlq e| v|pphwu| wkh uhvxow lv
wkh vdph li q  k,1 Wkh h{suhvvlrq deryh lv wkhq uhgxfhg wr/





kn￿ li k  
4?ik3￿
kn￿c 2




Qrz qrwh wkdw 4((cMM<MMc((  4((cMM<(Mc(M/ zklfk wrjhwkhu zlwk wkh v|p0
phwu| surshuw| 4(Mc(M<((cMM ' 4(Mc(M<MMc(( lpsolhv wkdw wkhlu fdq eh qr
EMMc((0wuhh zlwk ohvv wrwdo uhvlvwdqfh wkdq wkh rqh frqvlvwlqj ri wkh wudqvlwlrqv
iurp E((cMM wr E(Mc(M dqg iurp E(Mc(M wr EMMc((1 Wkh vwrfkdvwlf
srwhqwldo ri EMMc(( lv wkhq/
EMMc(('4 ((cMM<(Mc(M n4(Mc(M<MMc((
E| v|pphwu|/ E((cMM'4 MMc((<(Mc(M n 4(Mc(M<((cMM ' EMMc((/
zkhuh wkh odvw htxdolw| dovr xvhv 4MMc((<(Mc(M ' 4((cMM<(Mc(M1
Djdlq/ vlqfh 4((cMM<MMc((  4((cMM<(Mc(M hwf1/ wkhuh fdq eh qr fkhdshu
z d |w rj rw rE (Mc(M/ wkdq wr jr iurp hdfk ri wkh rwkhu frqyhqwlrqv vhsdudwho|/
vr
E(Mc(M'4 MMc((<(Mc(M n 4((cMM<(Mc(M
Wkhq zh vlpso| duulyh dw wkh frqfoxvlrq wkdw erwk ri EMMc(( dqg E((cMM/
dqg rqo| wkrvh frqyhqwlrqv/ duh vwrfkdvwlfdoo| vwdeoh li dqg rqo| li 4(Mc(M<MMc(( 	
4MMc((<(Mc(M/d q gE (Mc(M/ dqg rqo| wkdw frqyhqwlrq/ lv vwrfkdvwlfdoo| vwdeoh
li 4(Mc(M<MMc(( :4 MMc((<(Mc(M +zkhuh lw lv djdlq xvhg wkdw & lv vx!flhqwo|
odujh ,1
Ilqdoo|/ iurp k  q lw iroorzv wkdw 4(Mc(M3<MMc(( '
q3￿
qn￿&/d q g4 MMc((<(Mc(M
' 2
kn￿&1V l q f h 2
k n￿ 	
q3￿
qn￿/ li dqg rqo| li Ek  Eq   : e hwf1/ wkh frqfoxvlrq ri
Wkhruhp 4 iroorzv1 
Vnhwfk ri Surri ri Sursrvlwlrq 61 +D frpsohwh surri lv dydlodeoh iurp wkh
dxwkruv xsrq uhtxhvw,1
Zh qhhg wr suryh wkdw iurp dq| vwdwh lw kdv/ dffruglqj wr wkh edvlf ohduqlqj
surfhvv f/ srvlwlyh suredelolw| wr uhdfk d frqyhqwlrq lq d qdo qxpehu ri urxqgv1
Wkh surri ri wkdw lqyroyhv wkh iroorzlqj vwhsv=
6441 Iurp dq| vwdwh lw kdv/ dffruglqj wr f/ srvlwlyh suredelolw| wr uhdfk lq d qdo
qxpehu ri urxqgv/ d vwdwh lq zklfk doo uhfrugv duh frqvwdqw +phdqlqj wkdw hdfk
uhfrug rq hdfk w|sh lv d olvw ri 6 wlphv rqh dqg wkh vdph dfwlrq,/ dqg zkhuh lq
sduwlfxodu wkh uhfrug rq ex|hu w|sh k 'frqo| frqwdlqv wkh elg }hur/ dqg wkh
uhfrug rq vhoohu w|sh q 'rqo| frqwdlqv wkh elg rqh1 Wklv lv wuxh vlqfh iurp
dq| vwdwh lw kdv srvlwlyh suredelolw| wkdw lq doo ri wkh qh{w 6 urxqgv d ex|hu
ri w|sh k 'f / dqg d vhoohu ri w|sh q ' / duh slfnhg iru sod|/ dqg wkh| elg
f dqg  uhvshfwlyho| +wkhvh duh dozd|v wkh xqltxh xqgrplqdwhg ehvw uhsolhv,1
Diwhu wkdw/ wkh vwdwh zloo kdyh frqvwdqw uhfrugv rq wkhvh wzr w|shv1 Qrz lw
kdv srvlwlyh suredelolw| wkdw lq doo ri wkh iroorzlqj 6 urxqgv/ wkh ex|huv duh
djdlq ri w|sh k 'fdqg elg 3/ dqg wkh vhoohuv duh ri w|sh q 'f / dqg vdpsoh
lq doo 6 urxqgv h{dfwo| wkh vdph iurp wkh ex|hu uhfrugv +qrwh wkdw wklv lv
srvvleoh vlqfh wkh ex|hu uhfrugv gr qrw fkdqjh gxulqj wkh 6 urxqgv/ vlqfh
ex|hu k 'felgglqj }hur dsshduv doo wkh wlph,/ dqg khqfh sod| wkh vdph ehvw
uhso| lq doo 6 urxqgv1 Wkhq d vwdwh lv uhdfkhg lq zklfk wkh uhfrug rq vhoohu
w|sh q 'flv dovr frqvwdqw1 Frqwlqxlqj lq wklv zd| wkh surfhvv uhdfkhv/ lq dw
prvw .6 urxqgv/ d vwdwh lq zklfk doo uhfrugv duh frqvwdqw1
51 Iurp dq| vwdwh zlwk wkh surshuw| ghvfulehg lq 4/ lw kdv/ dffruglqj wr f/
srvlwlyh suredelolw| wr uhdfk lq d qdo qxpehu ri urxqgv d vwdwh/ dovr zlwk wklv
surshuw|/ lq zklfk dq| qrq0}hur elg dsshdulqj lq d ex|hu uhfrug dovr dsshduv
lq d vhoohu uhfrug/ dqg dq| elg glhuhqw iurp rqh dsshdulqj lq d vhoohu uhfrug
dovr dsshduv lq d ex|hu uhfrug1 Wklv krogv ehfdxvh/ reylrxvo|/ iru dq| ex|hu
w|sh/ wkh vhw ri ehvw uhsolhv wr vdpsohv gudzq iurp frqvwdqw vhoohu uhfrugv
hlwkhu frqwdlqv wkh elg }hur +li wkh ex|hu w|sh grhv qrw zdqw wudgh,/ ru/ li lw
grhv qrw frqwdlq }hur/ rqo| frqwdlqv dfwlrqv zklfk dsshdu lq wkh vhoohu uhfrugv1
V r /l il qh d f kr iw k hq h { w6urxqgv wkh vhoohu lv ri w|sh q 'd q ge l g v4 /d q g
wkh ex|hu lv ri vrph sduwlfxodu w|sh k/ wkhuh lv srvlwlyh suredelolw| wkdw lq doo
6 urxqgv/ wkh ex|hu elgv }hur ru vrph rwkhu elg frqwdlqhg lq wkh vhoohu uhfrugv1
E| frqwlqxlqj zlwk wkh rwkhu w|shv ri ex|huv/ dqg wkhq zlwk wkh vhoohuv/ dqg
shukdsv uhshdwlqj iru vrph urxqgv/ rqh zloo rewdlq wkdw doo elgv dsshdulqj lq
ex|hu uhfrugv duh hlwkhu }hur ru dovr dsshdulqj lq vhoohu uhfrugv/ dqg doo elgv
dsshdulqj lq vhoohu uhfrugv duh hlwkhu rqh ru dovr dsshdulqj lq ex|hu uhfrugv1
Lw lv srvvleoh wkdw wkh vwdwh fruuhvsrqgv wr d }hur0vwhs htxloleulxp/ vr doo vhoohu
65uhfrugv rqo| frqwdlq wkh elg rqh/ dqg doo ex|hu uhfrugv rqo| frqwdlq }hur1 Lw
fdq dovr fruuhvsrqg wr d rqh0/ wzr0/ ru wkuhh0vwhs htxloleulxp1 Ilqdoo|/ lw fdq
eh d vwdwh qrw fruuhvsrqglqj wr dq htxloleulxp1
61 Iurp dq| vwdwh zlwk wkh surshuw| ghvfulehg lq 5/ dqg qrw fruuhvsrqglqj wr
dq htxloleulxp/ lw kdv/ dffruglqj wr f/ srvlwlyh suredelolw| wr uhdfk lq d qdo
qxpehu ri urxqgv d vwdwh fruuhvsrqglqj wr dq htxloleulxp1 Hlwkhu wkh vwdwh
douhdg| fruuhvsrqgv wr dq htxloleulxp/ ru wkhuh lv vrph w|sh zkr grhv qrw sod|
d ehvw uhso| wr wkh xqltxh vdpsolqj srvvleoh rq wkh rssrqhqw1 Lw kdv srvlwlyh
suredelolw| wkdw lq doo ri wkh qh{w 6 urxqgv h{dfwo| wklv w|sh lv slfnhg wrjhwkhu
zlwk wkh uhgxqgdqw w|sh ri rssrqhqw/ dqg zloo lq doo 6 urxqgv sod| rqh dqg
wkh vdph ehvw uhso| wr wkh xqltxh vdpsolqj srvvleoh1 Wkhq d vwdwh lv uhdfkhg
zklfk lv dq htxloleulxp ru lq zklfk wkhuh lv vrph rwkhu w|sh qrw sod|lqj d
ehvw uhso|1 Frqwlqxlqj lq wklv zd| elgv fdq glvdsshdu iurp uhfrugv/ exw wkh|
fdqqrw uhdsshdu/ vr zlwk srvlwlyh suredelolw| wkh surfhvv zloo hyhqwxdoo| uhdfk
d vwdwh fruuhvsrqglqj wr d }hur0/ rqh0/ wzr0/ ru wkuhh0vwhs htxloleulxp1
71 Iurp dq| vwdwh fruuhvsrqglqj wr dq htxloleulxp/ lw kdv/ dffruglqj wr f/
srvlwlyh suredelolw| wr uhdfk lq d qdo qxpehu ri urxqgv d vwdwh fruuhvsrqglqj
wr d vhpl0vwulfw htxloleulxp/ wkdw lv/ wr uhdfk d frqyhqwlrq1 Wklv lv vkrzq
wkurxjk d vhulhv ri ohppdv=
Ohppd 4 I u r pw k hv w d w hf r u u h v s r q g l q jw rw k h} h u r 0 v w h sh t x l o l e u l x pz k h u hd o o
ex|hu w|shv elg }hur/ dqg doo vhoohu w|shv elg rqh/ wkhuh lv srvlwlyh suredelolw|
ri uhdfklqj d vwdwh fruuhvsrqglqj wr d rqh0vwhs htxloleulxp1
Ohppd 5 Iurp d vwdwh fruuhvsrqglqj wr d rqh0vwhs htxloleulxp zlwk d elg
ehorz ￿
￿ ru d elg deryh 2
￿/ wkhuh lv srvlwlyh suredelolw| ri hlwkhu uhdfklqj d vwdwh
f r u u h v s r q g l q jw rdr q h 0 v w h sh t x l o l e u l x pz l w kde l ge h w z h h q￿
￿ dqg 2
￿/r uw r
u h d f kdv w d w hf r u u h v s r q g l q jw rdw z r 0 v w h sh t x l o l e u l x p 1
Ohppd 6 Iurp d vwdwh fruuhvsrqglqj wr d rqh0vwhs htxloleulxp zlwk d elg
ehwzhhq ￿
￿ dqg 2
￿/ wkhuh lv srvlwlyh suredelolw| ri uhdfklqj d vwdwh fruuhvsrqglqj
w rdw z r 0 v w h sh t x l o l e u l x p 1
66Ohppd 7 I u r pdv w d w hf r u u h v s r q g l q jw rdw z r 0 v w h sh t x l o l e u l x pw k d wl vq r w
vhpl0vwulfw/ wkhuh lv srvlwlyh suredelolw| ri uhdfklqj hlwkhu d vwdwh fruuhvsrqglqj
wr d wzr0vwhs htxloleulxp zlwk d elg ehorz ￿
￿ dqg d elg deryh 2
￿/r udv w d w h
fruuhvsrqglqj wr d wkuhh0vwhs htxloleulxp1
Ohppd 8 I u r pdv w d w hf r u u h v s r q g l q jw rdw z r 0 v w h sh t x l o l e u l x pz l w kde l g
ehorz ￿
￿ dqg d elg deryh 2
￿/ wkhuh lv srvlwlyh suredelolw| ri uhdfklqj d vwdwh
+frqyhqwlrq, fruuhvsrqglqj wr d vhplvwulfw wzr0vwhs htxloleulxp1
Ohppd 9 Iurp d vwdwh fruuhvsrqglqj wr d wkuhh0vwhs htxloleulxp wkdw lv qrw
vhpl0vwulfw/ wkhuh lv srvlwlyh suredelolw| ri uhdfklqj d vwdwh +frqyhqwlrq, fru0
uhvsrqglqj wr d vhpl0vwulfw wkuhh0vwhs htxloleulxp1
Hdfk ri wkhvh ohppdv 409 lv suryhg e| lghqwli|lqj d vhtxhqfh ri hyhqwv zklfk
kdv srvlwlyh suredelolw| dffruglqj wr f/ wkdw lv/ e| lghqwli|lqj d vshflf vhtxhqfh
ri w|shv hqwhulqj dqg sod|lqj vshflf ehvw uhsolhv wr srvvleoh vdpsohv/ zklfk ohdgv
wr wkh ghvluhg rxwfrph1 Zh qrz vkrz krz wklv lv grqh iru Iru Ohppd 4> wkh surriv
ri wkh rwkhu ohppdv duh vlplodu lq vwuxfwxuh/ exw dgplwwhgo| pruh frpsolfdwhg1
Iru Ohppd 4/ vwduw lq wkh vwdwh zkhuh doo ex|hu uhfrugv rqo| frqwdlq }hur/ dqg doo
vhoohu uhfrugv rqo| frqwdlq rqh1 Zlwk srvlwlyh suredelolw| +dffruglqj wr f,/ lq hdfk
ri wkh qh{w 6 urxqgv wkh vhoohu lv ri w|sh 2
￿ dqg elgv rqh/ dqg wkh ex|hu lv ri w|sh 4
dqg elgv ￿
2 +dq|wklqj lv d ehvw uhso| iru wklv w|sh ri ex|hu jlyhq wkh uhfrugv rq wkh
vhoohu,1 Lq hdfk ri wkh iroorzlqj 6urxqgv zlwk srvlwlyh suredelolw| wkh ex|hu lv ri
w|sh ￿
￿ d q ge l g v} h u r /d q gw k hv h o o h ul vr iw | s h3d q ge l g v￿
2 +wkh xqltxh ehvw uhso|,/
d q gl qh d f kr iw k hw k h qi r o o r z l q j6urxqgv zlwk srvlwlyh suredelolw| wkh ex|huv
duh doo ri w|sh ￿
￿ dqg elg 3/ dqg wkh vhoohuv duh doo ri w|sh ￿
￿ dqg elg ￿
2 +wkh xqltxh
ehvw uhso|,1 Lq wkh iroorzlqj 6 urxqgv zlwk srvlwlyh suredelolw| wkh vhoohuv duh ri
w|sh 2
￿ dqg elg 4/ dqg wkh ex|huv duh ri w|sh 2
￿ dqg elg ￿
2 +wkh xqltxh ehvw uhso|,/
zklfk ohdgv wkh surfhvv wr wkh vwdwh wkdw fruuhvsrqgv wr wkh rqh0vwhs htxloleulxp
zlwk + ' ￿
21
Qrwh wkdw lq wklv surri ri Ohppd 4/ wkh uhgxqgdqw w|shv zhuh qrw xvhg1 Lq idfw/
doo ri wkh Ohppdv 409 fdq eh suryhg zlwkrxw ohwwlqj wkh uhgxqgdqw w|shv hqwhu1
Wkhvh duh rqo| xvhg wr suryh vwhsv 4 0 6 deryh1 Lq wkh frpsohwh surri/ zh vkrz krz
4 0 6 fdq dovr eh suryhg zlwkrxw vhqglqj lq wkh uhgxqgdqw w|shv/ xqghu d xvxdo
67dvvxpswlrq ri qrw wrr pxfk vdpsolqj/ &	6
21 Edvlfdoo| wklv lpsolhv wkdw lw lv kdv
srvlwlyh suredelolw| wkdw lq wkh qh{w & urxqgv rqo| ex|huv ri d vshflf w|sh hqwhu
dqg doo gudz wkh vdph vdpsoh dqg sod| wkh vdph ehvw uhso|/ hyhq li vhoohu uhfrugv gr
fkdqjh gxulqj wkh & urxqgv1 Rqh fdq xvh wklv wr duudqjh uhfrugv slhfh e| slhfh1

Vnhwfk ri Surri ri Wkhruhp 51 +D frpsohwh surri lv dydlodeoh iurp wkh
dxwkruv xsrq uhtxhvw,1
Zh qhhg wr lghqwli| wkh frqyhqwlrqv zlwk plqlpdo vwrfkdvwlf srwhqwldo1 Wr gr
wklv zh qg iru hdfk frqyhqwlrq  wkh vpdoohvw qxpehu ri wuhpeohv uhtxluhg wr
hvfdsh wkh frqyhqwlrq/ wkdw lv/ wr uhdfk iurp lw dqrwkhu vwdwh iurp zklfk lw kdv
srvlwlyh suredelolw|/ dffruglqj wr wkh edvlf surfhvv f/ wr uhdfk d frqyhqwlrq glhu0
hqw iurp 1 Zh fdoo wklv vpdoohvw qxpehu ri wuhpeohv wkh hvfdsh uhvlvwdqfh iurp 1
Lq Vhfwlrq 6 zh ghqhg wkh uhvlvwdqfh lq dq| wudqvlwlrq ￿ ehwzhhq wzr frqyhqwlrqv1
W k hh v f d s hu h v l v w d q f hi u r plv mxvw wkh plqlpdo uhvlvwdqfh ryhu doo wudqvlwlrqv ￿1
Li wkh uhvlvwdqfh lq wkh wudqvlwlrq ￿ lv wkh hvfdsh uhvlvwdqfh zh vd| wkdw ￿ lv dq
hvfdsh gluhfwlrq iurp 1
Zh qg hvfdsh uhvlvwdqfhv dqg hvfdsh gluhfwlrqv e| v|vwhpdwlfdoo| jrlqj wkurxjk
doo frqyhqwlrqv/ dqg iru hdfk frqyhqwlrq jrlqj wkurxjk doo wkh elgv lw xvhv/ iru hdfk
vxfk elg fdofxodwlqj krz pdq| wuhpeohv duh +plqlpdoo|, uhtxluhg wr fkdqjh wkh
ehvw uhso| ri hlwkhu d vhoohu w|sh ru d ex|hu w|sh xvlqj wkh elg wr d kljkhu ru orzhu
elg/ dqg fkhfnlqj wkdw iurp wkh vwdwh uhdfkhg e| wklv wuhpeolqj lw kdv srvlwlyh
suredelolw|/ dffruglqj wr f/ wr jr doo wkh zd| wr d qhz frqyhqwlrq1 E| plqlpl}lqj
ryhu doo wkh elgv xvhg lq d frqyhqwlrq rqh qgv wkh hvfdsh uhvlvwdqfh ri lw1 Wkh
surfhgxuh lv h{dfwo| dv wkh surfhgxuh zh dssolhg lq wkh surri ri Wkhruhp 4 deryh1
Iru frqyhqwlrqv fruuhvsrqglqj wr wzr0vwhs htxloleuld xvlqj elgv %	￿
￿ dqg 5:2
￿
zh qg e| wklv surfhgxuh/
Ohppd : Rq wkh plqlpdo dprxqw ri wuhpeolqj uhtxluhg wr jr wr dqrwkhu frqyhq0
wlrq e| uvw vkliwlqj ehvw uhsolhv dzd| iurp %= +l, Wkh qxpehu ri wuhpeohv uhtxluhg wr
jr iurp d frqyhqwlrq fruuhvsrqglqj wr d wzr0vwhs htxloleulxp wr d qhz frqyhqwlrq
e| fkdqjlqj vrph ehvw uhso| dzd| iurp %/ lv pd{lpl}hg iru frqyhqwlrqv zlwk % dv
forvh dv srvvleoh wr ￿
e
?3￿
? 1 +ll, Iurp frqyhqwlrqv zlwk % deryh ￿
e
?3￿
? / wkh plqlpdo
qxpehu ri wuhpeohv lv uhtxluhg zkhq prylqj wr dqrwkhu frqyhqwlrq fruuhvsrqglqj wr
68d wzr0vwhs zklfk hlwkhu xvhv elgv %  ￿
? dqg 5/r u+ l i%lv vx!flhqwo| forvh wr ￿
￿,
xvhv elgv %
2 dqg 5 +li wkhuh lv vxfk d frqyhqwlrq,/ ru mxvw xvhv rqh ri wkh elgv %
2 ru
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e
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? / wkh plqlpdo qxpehu ri wuhpeohv lv uhtxluhg
zkhq prylqj wr dqrwkhu frqyhqwlrq fruuhvsrqglqj wr d wzr0vwhs htxloleulxp zklfk
hlwkhu xvhv elgv %n ￿
? dqg 5/r u+ l iD %lv vx!flhqwo| forvh wr 5,m x v wx v h vw k he l g5
Ohppd ; Derxw wkh plqlpdo dprxqw ri wuhpeolqj uhtxluhg wr jr wr dqrwkhu frq0
yhqwlrq e| uvw vkliwlqj ehvw uhsolhv dzd| iurp 5= +l, Wkh qxpehu ri wuhpeohv uhtxluhg
wr jr iurp d frqyhqwlrq fruuhvsrqglqj wr d wzr0vwhs htxloleulxp wr d qhz frqyhqwlrq
e| fkdqjlqj vrph ehvw uhso| dzd| iurp 5/ lv pd{lpl}hg iru frqyhqwlrqv zlwk 5 dv
forvh dv srvvleoh wr ￿
e
￿?3￿
? 1 +ll, Iurp frqyhqwlrq zlwk 5 ehorz ￿
e
￿?3￿
? / wkh plqlpdo
qxpehu ri wuhpeohv lv uhtxluhg zkhq prylqj wr dqrwkhu frqyhqwlrq fruuhvsrqglqj wr
d wzr0vwhs htxloleulxp zklfk hlwkhu xvhv elgv % dqg 5 n ￿
?/r u+ l i5lv vx!flhqwo|
forvh wr 2
￿,x v h ve l g v%dqg 5
2 n ￿
2 +li wkhuh lv vxfk d frqyhqwlrq,/ ru mxvw xvhv rqh ri
wkh elgv % ru 5
2 n ￿
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? / wkh plqlpdo qxpehu ri
huuruv lv uhtxluhg zkhq prylqj wr dqrwkhu frqyhqwlrq fruuhvsrqglqj wr d wzr0vwhs
htxloleulxp zklfk hlwkhu xvhv elgv % dqg 5  ￿
?/r u+ l iD 5elv vx!flhqwo| forvh wr
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Wkxv/ zlwklq wkh vhw ri frqyhqwlrqv fruuhvsrqglqj wr wzr0vwhs htxloleuld/ wkh
frqyhqwlrq zlwk wkh kljkhvw hvfdsh uhvlvwdqfh lv W/ zkhqhyhu ? lv odujh hqrxjk1
Ixuwkhu lw fdq eh frqfoxghg iurp wkh wzr ohppdv/ wkdw iru doo wkh rwkhu frqyhqwlrqv
lq wkh vhw/ hvfdsh gluhfwlrqv duh wrzdugv W/ vhh Iljxuh 51 Lq idfw/ rq wkh vhw ri
frqyhqwlrqv fruuhvsrqglqj wr wzr0vwhs htxloleuld/ rqh fdq qrz frqvwuxfw dq W0
vxewuhh wkdw rqo| lqyroyhv wudqvlwlrqv wkdw duh hvfdsh gluhfwlrqv1 Vlqfh W lwvhoi
kdv pd{lpdo hvfdsh uhvlvwdqfh/ wklv vxewuhh kdv wkh orzhvw srvvleoh wrwdo uhvlvwdqfh
dprqj doo vxewuhhv rq wkh vhw/ vhh djdlq Iljxuh 51
Zh wkhq jr wkurxjk d vlplodu surfhgxuh iru wkh vhw ri frqyhqwlrqv fruuhvsrqglqj
wr wkuhh0vwhs htxloleuld1 Xqiruwxqdwho| wklv fdvh lv d elw pruh frpsolfdwhg hyhq
eh|rqg wkh idfwv wkdw d wkuhh0vwhs htxloleulxp lqyroyhv wkuhh elgv/ dqg wkh vhw ri
srvvleoh htxloleulxp elgv fdq wkhuhiruh qrw eh gudzq lq wzr glphqvlrqv1 Nhhslqj
wkh elg 5 deryh 2
￿ {hg/ wkh srvvleoh htxloleulxp frpelqdwlrqv ri d elg % ehorz ￿
￿/
dqg d elg + ehwzhhq ￿
￿ dqg 2
￿/ dv jlyhq e| wkh uhvwulfwlrqv +7, lq Sursrvlwlrq 4/ fdq


















eh looxvwudwhg dv lq Iljxuh 6 +qrw doo ri wkhvh frpelqdwlrqv zloo irup dq htxloleulxp
zlwk dq| 5:2
￿,1
Qrz v|vwhpdwlf fdofxodwlrqv vlplodu wr wkh rqhv shuiruphg iru wzr0vwhs htxloleuld
uhyhdo wkdw wkh qxpehu ri wuhpeohv uhtxluhg iru jrlqj iurp rqh frqyhqwlrq wr dqrwkhu
e| uvw fkdqjlqj ehvw uhsolhv dzd| iurp % ru + +ru erwk, lv odujhvw forvh wr wkh srlqw
% ' ￿
ec+' ￿
2Wr jhw dzd| iurp wkh rwkhu frqyhqwlrqv e| dv ihz wuhpeohv dv srvvleoh
rqh kdv wr pryh lq wkh gluhfwlrqv lqglfdwhg lq Iljxuh 61 Forvh wr wkh erxqgdu| wkhuh
pd| eh vhyhudo gluhfwlrqv zklfk uhtxluh wkh vdph +orz, qxpehu ri huuruv1 D vlplodu
dqdo|vlv dssolhv iru jhwwlqj dzd| iurp d frqyhqwlrq e| uvw fkdqjlqj wkh ydoxh ri +








ru 5/ vhh Iljxuh 71
Frpelqlqj wkh deryh hohphqwv lw lv srvvleoh wr vhh/ wkdw wkh pd{lpdo hvfdsh
uhvlvwdqfh iru frqyhqwlrqv fruuhvsrqglqj wr wkuhh0vwhs htxloleuld lv dwwdlqhg lq wkh






























?1I x u w k h u / l w
lv srvvleoh wr sduwlwlrq wkh vhw ri frqyhqwlrqv fruuhvsrqglqj wr wkuhh0vwhs htxloleuld
lqwr yh glhuhqw vxevhwv hdfk frqwdlqlqj rqh ri wkh frqyhqwlrqv zlwk pd{lpdo
hvfdsh uhvlvwdqfh/ vxfk wkdw rq hdfk vxevhw ri wkh sduwlwlrq wkhuh lv d vxewuhh wkdw
6<rqo| lqyroyhv wudqvlwlrqv zklfk duh hvfdsh gluhfwlrqv dqg wkh vxewuhh ohdgv h{dfwo|
wr wkh frqyhqwlrq lq wkh vxevhw zlwk pd{lpdo hvfdsh uhvlvwdqfh1
Zh qrz kdyh d sduwlwlrq ri wkh ixoo vhw ri frqyhqwlrqv lqwr vl{ fodvvhv +rqh zlwk
frqyhqwlrqv fruuhvsrqglqj wr wzr0vwhs htxloleuld/ dqg yh zlwk frqyhqwlrqv fruuh0
vsrqglqj wr wkuhh0vwhs htxloleuld,/ vxfk wkdw lq hdfk fodvv wkhuh lv d frqyhqwlrq zlwk
pd{lpdo hvfdsh uhvlvwdqfh/ dqg vxfk wkdw wkhuh lv rq wkh fodvv dq hvfdsh gluhfwlrq
vxewuhh ohdglqj wr wklv frqyhqwlrq1 Wkh vl{ frqyhqwlrqv zlwk +orfdo, pd{lpdo hvfdsh
uhvlvwdqfh zh fdoo wkh fdqglgdwhv1
Wkh sduwlwlrq rewdlqhg lv xvhixo ehfdxvh ri wkh iroorzlqj jhqhudo uhvxow/
Ohppd < Dq| vwrfkdvwlfdoo| vwdeoh vwdwh lv d fdqglgdwh1
Wklv lv wuxh vlqfh li zh kdyh d ixoo wuhh iru vrph frqyhqwlrq  wkdw lv qrw d
fdqglgdwh/ wkhq lw lv srvvleoh wr frqvwuxfw d wuhh iru wkh fdqglgdwh lq wkh fodvv wr
zklfk  ehorqjv zlwk orzhu wrwdo uhvlvwdqfh1 Mxvw xvh wkh wudqvlwlrqv ri wkh 0wuhh
iru doo frqyhqwlrqv rxwvlgh wkh fodvv wr zklfk  ehorqjv/ dqg wkh wudqvlwlrqv ri dq
hvfdsh gluhfwlrq vxewuhh iru wkh fodvv wr zklfk  ehorqjv1
Qrz zh xvh wkh vxewuhhv +rqh rq hdfk fodvv, wr frqvwuxfw dq W0wuhh zlwk yhu|
orz uhvlvwdqfh1 Wklv wuhh frqvlvwv ri hvfdsh gluhfwlrqv iru doo frqyhqwlrqv h{fhsw iru












?/ dqg wkh rqh fdqglgdwh






? 1 Lw fdq eh fdofxodwhg wkdw
iru ? vx!flhqwo| odujh wkh uhvlvwdqfh lq wklv wuhh lv ohvv wkdq

￿
. nf  ff

& deryh
wkh vxp ri doo wkh hvfdsh uhvlvwdqfhv h{fhsw wkrvh iru W dqg iru rqh ri wkh yh
wkuhh0vwhs fdqglgdwhv1 Ohw g eh wklv vxp ri hvfdsh uhvlvwdqfhv h{fhsw iru W dqg
rqh wkuhh0vwhs fdqglgdwh1
Ilqdoo| zh vkrz wkdw iru ? vx!flhqwo| odujh dq| wuhh wr d wkuhh0vwhs fdqgl0
gdwh pxvw kdyh wrwdo uhvlvwdqfh h{fhhglqj dw ohdvw fD& n g/ zklfk lv odujhu wkdq

￿
. nf  ff

& n g/ dqg wkh wkhruhp iroorzv1 Wklv lv grqh e| frqvlghulqj/ iru d
jlyhq wkuhh0vwhs fdqglgdwh / wkh glhuhqw srvvlelolwlhv ri frqvwuxfwlqj d sdwk wkdw
frqqhfwv W wr / dqg wkhq frqvwuxfw dq 0wuhh/ zkhuh doo wkh rwkhu wudqvlwlrqv lq
wkh wuhh duh hvfdsh wudqvlwlrqv1 Lw wxuqv rxw/ wkdw lw lv lpsrvvleoh wr frqvwuxfw dq
0wuhh zlwk wrwdo uhvlvwdqfh ohvv wkdq fD& n g1
Li ? ru & lv vpdoohu wkdq vx!flhqwo| odujh/ wkh W0wuhh frqvwuxfwhg vwloo kdv
orzhvw srvvleoh wrwdo uhvlvwdqfh/ exw wkhuh pd| eh wuhhv wr rwkhu frqyhqwlrqv zlwk
73wklv uhvlvwdqfh/ vr lq wklv fdvh wkhuh qhhg qrw eh d xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh1
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